I  wm3 


mm 

5^ 


HYDROMECHANICS 


AERODYNAMICS 


Structural 

MECHANICS 


THE  STRENGTH  OF  CYLINDRICAL  SHELLS,  STIFFENED  BY 
FRAMES  AND  BULKHEADS,  UNDER  UNIFORM 
EXTERNAL  PRESSURE  ON  ALL  SIDES 

(UBER  DAS  FESTIGKEITSPROBLEM  QUERVERSTEIFTER 
HOHLZYLINDER  UNTER  ALLSEITIG 
GLEICHMASSIGEM  AUSSENDRUCK) 


K.  von  Sondtn,  Kiol  and  K.  Gunthor,  Danzig 

Translated  by  Dr.  E.  N.  Lobouvit 
Annotated  by  Dr.  E.  Wenh,  Jr.  and  Dr.  W.  A.  Nash 


APPLIED 

MATHEMATICS 


ACOUSTICS  AND 
VIBRATION 


Morch  1952 


D  DC 

'I  '!  1  * 

H  AUG  2  5  1964  'Mi 

JLLAu„-abiI  1/  LMWi 

DDC-IRA  A 

Translation  38 


Copies 

9 


2 

2 

2 

2 

2 

2 

2 

2 

5 

1 

1 

1 

1 

1 

2 

9 


iriTIAL  DISTRIBUTION 

Chief,  Bureau  of  Ships,  Project  Records  (Code  32^),  for  distribution 
5  Project  Records 

1  Technical  Assistant  to  Chief  of  Bureau  (Code  106) 

1  Preliminary  Design  (Code  420) 

1  Hull  Design  (Code  440) 

1  Hull  Design,  Scientific  (Code  442) 

Chief,  Office  of  Naval  Research,  Mechanics  and  Materials  Branch 

Chief  of  Naval  Operations,  Op-322-F2 

Chief,  Bureau  of  Ordnance 

Chief,  Bureau  of  Aeronautics 

Commander,  Naval  Ordnance  Laboratory 

Director,  Naval  Research  Laboratory 

Commander,  Norfolk  Naval  Shipyard,  Underwater  Explosions  Research 
Division  (Code  290),  Portsmouth,  Va. 

Director,  National  Bureau  of  Standards 

Director  of  Aeronautical  Research,  National  Advisory  Committee  for 
Aeronautics,  1724  F  St.,  N.W.,  Washington  25,  D.C. 

Library,  Polytechnic  Institute  of  Brooklyn,  Brooklyn,  N.Y. 

Library,  University  of  Michigan,  Ann  Arbor,  Mich. 

Library,  University  of  Illinois,  Urbana,  Ill. 

Library,  Illinois  Institute  of  Technology,  Chicago,  Ill. 

Library,  Massachusetts  Institute  of  Technology,  Cambridge,  Mass. 

Library  of  Congress,  Washington,  D.C. 

British  Joint  Services  Mission  (Navy  Staff),  P.0,  Box  165,  Benjamin 
Franklin  Station,  Washington,  D.C. 


THE  STRENGTH  OP  CYLINDRICAL  SHELLS,  STIFFENED  BY  FRAMES  AND  BULKHEADS, 
UNDER  UNIFORM  EXTERNAL  PRESSURE  ON  ALL  SIDES 

(UBXR  DAS  TXBTlOOSnBKtOBUM  QUESVERSTBIFTEIl  HOHUTLIKaEB 
uinsR  AUSEina  cnxicmXssicDt  AussEinxtucr) 

by 

K.  Ton  Sanden,  Kiel 
and 

K.  G<inthar,  Danzig 

W«rft  and  Baedarst,  Tol.  1  (1920),  Boa.  8,  9,  and  10 
and  Tol.  2  (1921) ,  Ho.  17 

Xk-anslatad  t>y  Sr.  K.H.  Labowrla 
Annotatad  bj  Dr.  K.  Wank,  Jr.  and  Dr.  W.A.  Raah 


March  1952 


Translation  38 


ANNOTATORS'  INTRODUCTION 

The  work  of  von  Sanden  and  QUnther  translated  here  Is  well  known  be¬ 
cause  of  the  expressions  commonly  referred  to  as  Formulas  (92)  and  (92a).  They 
give  the  longitudinal  stress  at  the  frame  and  the  circumferential  stress  midway 
between  frames,  respectively,  occurring  In  a  thin  circular  cylindrical  shell 
reinforced  by  circumferential  frames  and  loaded  by  hydrostatic  pressure. 

Formula  (92a)  as  originally  published  by  von  Sanden  and  GUnther  Is 
Incorrect.  In  their  equation  the  coefficients  of  the  transcendental  terms  In 
the  numerator  of  the  function  H  were  erroneously  Interchanged  and  the  sign  con¬ 
necting  these  terms  should  have  been  positive.  These  errors  were  noted  by  W. 
Hovgaard  ("Memorandum  No.  88  to  the  Bureau  of  Construction  and  Repair,"  20 
December  1921 )  and  again  by  C.  Trilling  ("The  Influence  of  Stiffening  Rings  on 
the  Strength  of  Thin  Cylindrical  Shells  under  External  Pressure,"  TMB  Report 
396,  February  1935)* 

However,  the  analysis  of  von  Sanden  and  GUnther  neglected  the  effect 
of  the  axial  component  of  hydrostatic  pressure  upon  the  stress  distribution  In 
the  shell.  It  also  failed  to  take  Into  account  the  boundary  conditions  dis¬ 
cussed  by  F.  Viterbo  ("Sul  problems  della  robustezza  dl  clllndrl  cavi  rlnforzatl 
trasversalmente  sottopostl  da  ogni  parte  a  presslone  esterna,"  L'Ingegnere, 

Vol.  IV,  July  1930,  pp.  446-456;  August  1930,  pp.  531-5‘<0).  Both  of  these  In¬ 
consistencies  were  properly  accounted  for  by  V.L.  Salerno  and  J.  Pulos  In  a 
forthcoming  report  to  be  released  by  the  Polytechnic  Institute  of  Brooklyn. 

The  original  work  of  von  Sanden  and-  GUnther  has  been  annotated  so 
that. this  translation  makes  mention  of  some  developments  that  have  taken  place 
since  the  publication  of  the  original  document.  Also,  the  equations  have  been 
renumbered  according  to  a  somewhat  more  systematic  procedure.  The  original 
numbering  system  appears  at  the  left  side  of  the  equations  and  the  newly 
assigned  numbers  at  the  right  side. 

Dr.  E.  Wenk,  Jr. 

Dr.  W.A.  Nash 

The  translator  wishes  to  acknowledge  his  indebtedness  to  Professor 
W.  Hovgaard  for  much  valuable  assistance  derived  from  a  comparison  of  this 
translation  with  the  latter's  Memorandum  No.  88  to  the  Bureau  of  Construction 
and  Repair,  especially  with  respect  to  the  technical  terminology  and  phrase¬ 
ology  used  In  this  series  of  articles. 

Memorandum  No.  88  (C  &  R  No.  9563-A27)  represents  an  abstract  of 
these  articles  containing  also  a  number  of  corrections  and  annotations  contri¬ 
buted  by  Prof.  Hovgaard  himself  or  by  Dr.  Dwight  Wlndenburg  of  the  David  W. 
Taylor  Model  Basin  who  collaborated  with  Prof.  Hovgaard  In  editing  the  memor¬ 
andum.  Dr.  E.N.  Labouvle 
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NOTATION 


Symbol 


German  word 


English  equivalent 


A 

D 

d 

E 

e 


F 


m 


P 

Pa 

Pi 


P 


s 

or 

3 

W 

Z 

z 

(E 

«d 

*z 

P 


Auf lagerreakt Ion 

gesamte  Druckbelastung 

der  Druck 

ElastlzltStsmodul 

Exzentrlzltat 

die  FlSche 

Aussenfaser 

Innere  Randfaser 

der  Fluss 

Traghe 1 tsmoment 

Blegemoment 

Auflagermoment 

Poisson  -  Zahl 

proportional 

Aussendruck 

Innendruck 

radlale  Gesamtbe- 
lastung 

HShe 

WandstSrke 
W Iderstandsmoment 
gesamte  Zugbelastung 
der  zug 
Beanspruchung 


Scherkraft 


shearing  force  at  the  support 
total  load  In  compression 
pressure,  compression 
modulus  of  elasticity 
eccentricity 
surface,  face,  area 
outer  extreme  fiber  (A^) 

Inner  extreme  fiber  (Aj^) 
flow 

moment  of  Inertia 

bending  moment 

moment  at  the  support 

Poisson's  number  (reciprocal  of 
Poisson's  ratio) 

proportional 

external  pressure 

Internal  pressure 

total  radial  load  per  cm  of  c]ir> 
cumference  of  the  frame 

radial  depth  of  a  ring 

thickness  of  shell  plating 

section  modulus 

total  load  In  tension 

pull,  tension 

strain 

strain  In  contraction 
strain  in  extension 
shearing  force 


Subscripts 

fd 

pd 

fz 

pz 


yield  point 
elastic  limit 

yield  point 
elastic  limit 


1  with  external  pres* 
Vsure  and  compressive 
J  stress 

}wlth  Internal  pres¬ 
sure  and  tensile 
stress 
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Figure  1  -  Diagram  Illustrating  the  Load 
on  a  Circular  Ring  or  Tube  under 
Uoiform  External  Pressure 


Figure  2  -  Diagram  of  a  Rod 
under  Compression  with 
Hinged  Bearings 


z 


Figure  3  -  Diagram  of  a  Rod  under  Tension 
with  Varying  Cross  Section 


"maximum  tensile  stress"  ,  call  for  the  differentiation  of  three  cases 

max  z 

according  to  whether 


1) 

0  <9t<0^ 

[1.1] 

2) 

epc<0i<ofx  ^ 

[1.2] 

3) 

[1.3] 

By  introducing  the  "factors  of  safety"  Sp^.  and  ^  as  defined  by  the 
quotients  ®max  "®8alnst  reaching  the  limit  of  propor¬ 
tionality,  the  yield  point  or  the  limit  of  maximum  tension  respectively, "  we 
may  also  write: 


1 ' 

) 

Sh 

>  I 

[1.4] 

2' 

) 

Sf. 

>  1 

n.5j 

3' 

) 

1.’ 

mu 

f  >  I 

[1.6] 

For  adequate  safety  of  the  tie-rod  It  is  generally  necessary  to 
require  that  Equation  [1.3]  shall  be  satisfied,  at  least  for  the  maximum 
load  to  be  carried.  Otherwise  the  bar  would  exhibit  a  considerable  elonga¬ 
tion  from  its  original  shape  after  removal  of  the  load,  or,  in  the  case  of  a 
subsequent  return  to  this  load,  its  length  would  again  increase  (except  In 
special  cases).  This  condition  would  not  be  acceptable.  In  general,  in  view 
of  the  requirements  to  be  placed  on  the  structural  elements;  (see  Pletzkef, 
Die  Pestlgkelt  der  Schlffe,  Berlin  191**»  PP-  I-**  and  p.  6l  to  whose  Ideas  we 
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shall  fully  subscribe  In  the  following  discussion;  furthermore,  Love-Tlmpe, 
Elasticity,  Teubner  1907.  P.  144). 

Note:  In  pure  tension,  therefore,  the  following  factors  were  of  no 
Importance  as  far  as  safety  Is  concerned: 

a.  among  the  geometrical  data  the  contour  form  of  the 
sections,  their  surface  moments  of  the  third  and 
fourth  longitudinal  dimensions  (moment  of  resistance 
and  moment  of  Inertia),  and  the  length  of  the  rod. 

Only  the  area  of  the  section  at  any  point  Is  of 
Importance ; 

b.  among  the  material  data  the  magnitude  of  the  modulus 

of  elasticity  E  and  Poisson's  ratio  m;  It  Is  sufficient 
to  know  the  value  of 

c.  the  nature  and  magnitude  of  the  elastic  displacements 
dx  and  dd  (see  Figure  3),  where  x  Is  measured  along 
the  length  and  d  along  the  diameter;*  these  may, 
however,  If  desired,  be  determined  from: 


«SeB  HoTgaard,  MeBorandua  Ho.  88,  p.  5 
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d. 


and 


4) 


5) 


Jr. 


X 

=/•■ 


d  X 


-/d=-i-d 

tn 


Specifically,  if  S  >1,  E  Is  constant,  hence 

\^L 

•  E  EF 

and  If,  In  addition,  F  Is  constant  also, 

Zx 


n.7] 

11.8] 

( 

[1.9] 


4') 


JyL  — 


E  F 


[1.10] 


If  the  rod  which  Is  assumed  to  be  "straight"  deviates 
more  or  less  from  the  geometrically  exact  form— as  It 
always  does  In  reality—,  l.e..  If  the  sequence  of 
the  centers  of  gravity  of  the  sections  do  not  form 
a  straight  line,  bending  stresses  will 
occur  at  first  (see  Figure  5). 

As  a  result  of  these  the  stress 
a ^  ■  Z/F  In  the  extreme  fibre 
Fj^  located  on  the  Inside  of 
the  curvature  will  be  augmented 
by  a  certain  amount  d<r*  Z  :  e/V 
where  W  la  the  section  modulus,* 
and  e  denotes  the  eccentricity. 

If  specifically, 

Z/F  equals  or  Is  only  a  little 
less  than  unity,  the  yield  point 
will  be  exceeded  In  the  extreme 

fibre  F,  at  the  same  time;  how-  Plg^^^e  5  ;  Dlapam  Illustrating 
1  a  Not-Exactly-Stralght  Rod 

ever,  the  flow  which  then  occurs  under  Tension 

will  tend  to  cause  an  approach 

to  the  straight  form  and  therewith  a  reduction 

In  the  bending  portion  of  da  of  the  total  tensile 

stress i  this  process  continues  until  the  yield  Is 

reached  again— from  above  as  It  were— In  which 


case  the  desired  condition  S 


fz 


1  Is  attained. 


«Sm  EoTgaard,  Msaoraiulum  No.  86,  p.  ^ 
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It  is  probably  correct  to  consider  this  process  as 
the  last  phase  of  the  working  of  the  material ;  at 
any  rate,  In  most  processes  of  working  the  material, 
the  yield  point  Is  greatly  exceeded,  but  we  do  not 
hesitate  thereafter  to  apply  the  usual  strength 
formulas  to  the  material,  see  Pletzke  Ibid.  Inten¬ 
tionally,  we  shall  not  enter  here  Into  discussing 
the  case  of  the  eccentric  application  of  force 
upon  the  exactly  straight  rod. 

When  a  straight  rod  Is  under  compression,  the  conditions  are  very 
different.  The  compression  branch  0  -  B  of  the  stress-strain  curve  (Figure  4) 
differs  somewhat  from  the  tension  branch  so  that  we  have  to  note  explicitly 
that  with 

10)  =  y  [1.11] 

the  conditions  become 


11  )1T') 

O  <  Od  <  Opd 

or 

Spd  >  1 

[1.12] 

12)12'  ) 

<»p«l<  «d  < 

or 

Sfd  >1 

[1.13] 

13)13') 

®fd  <  ®d  d 

or 

Sm»xd  ^  ' 

[1.14] 

But  apart  from  this  fact.  It  Is,  indeed,  necessary  though  fundamentally  in¬ 
sufficient  for  the  safety  of  the  compressed  rod  to  satisfy  Equations  [1.12] 
and  [1.15].  We  shall  hereafter  designate  as  "stress  calculations"  those  cal¬ 
culations  which  lead  to  equations  of  the  form  =  D/P  according  to  which 
specific  loads  per  unit  area,  l.e.,  "stresses"  are  calculated  from  given  ex¬ 
ternal  forces  In  conjunction  with  the  geometrical  data  of  the  loaded  body  In 
order  to  compare  them  with  those  considered  permissible  according  to  the 
tension  and  pressure  test;  In  contrast  to  these,  we  have  "the  stability  or 
collapse  calculations"  the  nature  of  which  will  be  explained  later  on.  It  Is 
characteristic  of  the  former  that  to  the  stresses  there  always  correspond 
definite  numerical  conditions  of  deformation  which  In  difficult  cases  must 
first  be  fully  determined  before  the  stresses  can  be  found. 

For  those  special  cases  where  the  stresses  can  be  determined  without 
prior  Investigation  of  the  elastic  displacements,  no  oLstacles  stand  In  the 
way  of  determining  the  condition  of  deformation. 

Accordingly,  the  following  principle  holds  true:  for  the  straight 
rod  under  compression  the  stress  calculation  Is  not  In  general  sufficient; 
a  stability  calculation  must  also  be  made;  the  physical  reason  for  this  Is 
as  follows: 


7 


In  the  case  of  the  exactly  straight  rod  under  compression  and  under 
a  precisely  centric  load,  there  are  In  general  two  possible  conditions  of 
equilibrium  for  a  given  compressive  force:  one  representing  the  reverse  of 
the  state  of  the  same  rod  under  tension  where  the  neutral  axis  remains  straight, 
the  other  comprising  a  whole  class  where  the  axis  of  the  rod  bends  outward  In 
different  ways  (Euler  see  Figure  6. 

At  first  it  remains  undetermined  which  condition  of  equilibrium  will 
occur.  From  the  class  of  conditions  Involving  bars  with  a  curved  axis  Euler 
singled  out  the  case  of  minimum  deflection  as  the  only  significant  one  for 
judging  the  "stability  of  a  column":  he  found  that  the  neutral  axis  In  this 
case  followed  a  sinusoidal  curve.  Also,  he  determined  (1788)  the  minimum 
length  which  a  column  of  uniformly  congruent  cross  section  and  of  given  ma<c 
terial  must  have  for  a  given  load  in  order  that  a  state  of  equilibrium  of  the 
second  sort  (yielding  to  axial  compression)  shall  be  possible,  besides  that  of 
the  straight  form.  In  this  case 


A.  only  the  possibility  of  col¬ 
lapse  or  condition  of  Instabllitj  Is  de¬ 
termined  and  the  sinusoidal  shape  of  the 
neutral  axis  Is  found.  The  greatest 
deflection  y„„^  ,  however,  remains  basic- 
ally  lndeterml.aate*— at  least  in  the  case 
of  truly  axial  load.  For  this  reason 
3.  It  Is  Impossible  to  calculate 
the  "stresses"  actually  existing  In  the 
curved  state  corresponding  to  a  given 
load  D. 


Figure  6  -  Sinusoidal  Deflection 
of  the  Neutral  Axis  of 
the  Rod  ("Elastlca") 


A  and  B  are  characteristic 
of  the  calculations  of  the  kind  which 
are  herfeafter  designated  as  "stability 
calculations"  In  contrast  to  "stress  calculations",  (In  stresslr,g  this  con¬ 
trast,  we  shall  not  deny  that  the  boundary  line  between  the  two  methods  of 
calculation  may  be  more  or  less  vague;  for  the  problems  to  be  dealt  with 
here,  however.  It  Is  always  sharply  defined  and  recognition  of  the  contrast 
referred  to  is  of  great  importance.) 


•Annotator'  Note:  Such  a  result  Is  obtained  oecause  only  an  approximate  expression  Is  used  for  the 
currature.  When  the  exact  expression  for  the  curTsturo  Is  used,  a  definite  value  (in  terms  of  eui 
elliptic  Integral)  is  obtained  for  the  deflection.  See  'Tneory  of  Elastic  Stability,"  by  S.  Timoshenko, 
MoCraw-Hlll  Book  Company,  New  fork,  1936,  pp.  69-74. 
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Th.  von  Ksfrraan  In  his  research  papers,  published  by  V.D.I.,  No.  8l , 
1910,  has  thoroughly  explained— both  theoretically  and  experimentally—"... 
the  problem  of  buckling  which  for  a  long  time  was  a  difficult  point  In  the 
practical  theory  of  collapse  of  the  straight  rod."  His  most  Important  re¬ 
sults  as  -far  as  the  present  Investigation  Is  concerned  are  the  following: 

a.  Euler's  formula  holds  good  only  as  long  as  Equatloh  [1.12] 
Is  satisfied,  l.e.,  only  under  the  condition  that  the  limit  of  proportionality 
would  not  be  exceeded  If  the  rod  were  artificially  prevented  from  collapse. 
Within  this  limit,  however,  it  ylel*ds  correct  results. 

b.  For  >1 ,  the  new  extended  Euler's  formula  proposed  by 
V.  Karman  applies  in  which  E  Is  replaced  by  a  general  modulus  M.  (Ej  ^  » 
modulus  between  elastic  limit  and  yield  point  -  Hovgaard,  Memorandum  No.  88, 
p.  8). 

We  shall  designate  the  "critical"  or  "collapsing"  load  whether 
determined  by  Euler's  or  v.  Karman 's  formula  by  and  the  quotient 

16)  [1.151 

we  define  as  "safety  against  collapse." 

We  now  supplement  the  characteristics  of  stability  calculations 
which  were  stated  above  under  A  and  B  by  the  following: 

C.  The  value  of  the  modulus  of  elasticity  which  appears  very  seldom 
and  Is  of  slight  Importance  In  stress  calculations  is  In  stability  calcu¬ 
lations  deterralnatl,ve. 

D.  If  nothing  special  Is  said,  stability  calculations  yield  correct 
results*  only  as  long  as  the  stress  calculation  to  be  carried  out  for  a 
given  case  shows  that  the  limit  of  proportionality  Is  not  exceeded  at  any 
point  of  the  structure  or  that  It  would  not  bo  exceeded  If  the  collapse  were 
prevented  by  some  special  means.  If  this  limit  is  exceeded,  the  attempt  must 
be  made  to  apply  v.  Karmen's  method  to  the  case.** 

In  order  to  make  this  point  ciulte  clear,  the  entire  range  of  tensile 
and  compressive  loads  attainable  wltncut  permanent  changes  of  form  in  a 
straight  rod  of  Martin  steel  of  2.5  x  4  cm  transverse  dimensions  and  of  dif¬ 
ferent  lengths  has  been  represented  In  Figure  7  making  use  of  the  results 
presented  by  v.  Kerman. 


Annotators'  Notes: 

•Theoretical  analyaoa  of  stahlllty  prohlema  nearly  always  presuppose  that  the  mmaber  Is  free  of 
any  Initial  eccentricities  ‘’rom  Ite-glTon  Initial  configuration.  Alao,  In  the  case  of  atraight  bare, 
for  example,  It  Is  aaaumed  that  the  compreoaive  load  la  applied  without  any  eccentricity. 

**Tnl3  method  la  dlocuaaed  In  detail  by  F.R.  Shanley,  "Inelaatlc  Coliunn  Theor’y,"  Journal  of  the 
Aeronautical  Sclencea,,  May  19**T,  PP-  261-268. 
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Figure  7  -  Limit  of  Tensile  and  Compressive  Loads  Attainable  in  a 
Straight  Rod  of  Martin  Steel  of  2.5  x  4  cm  Transverse 
Dimensions  and  of  Different  Lengths 


In  tension  we  have. for  all  lengths  of  rod  simply 
Z<28.5  tons  (see  lower  part  of  Figure  7);  but  in  compression  this  condition 
can  be  reversed  only  for  "short"  rods  (up  to  I  -  36.5  cm)  and  for  these  D  must 
be  smaller  than  32  tons.  With  Increasing  length  we  reach  the  region  of  "semi- 
slender"  rods  (36.5  to  67  cm)  where  the  maximum  compressive  load  according  to 
the  curve  a-c  falls  off  to  25  tons..  The  form  of  the  curve  a-c  depends  en¬ 
tirely  on  the  properties  of  the  respective  material;  Its  construction  pre¬ 
supposes  the  exact  knowledge  of  the  stress-strain  diagram.  Beyond  I  ■  67  cm, 
l.e.,  for  ''Slender"  rods,  Euler's  "hyperbola"  Is  valid:* 

l6)l6')  Dk  !»  =  :»*£  =  constant  [I.16] 

If  we  disregard  the  Investigations  of  v.  Karman  in  the  case  of  non- 
slender  rods  {l<6]  cm),  we  can  only  be  safe  If  we  adopt  25  tons  as  the 
limiting  load.  In  reality,  however,  loads  as  much  as  28  percent  higher 
(32  tons)  can  be  attained.**  If  we  use  Euler's  formula  up  to  the  yield  point. 


Aimotatora'  Notes; 

*A&  analogous  relationship  has  been  proposed  In  the  study  of  the  hydrostatic  collapsing  preaaure 
of  a  thin  cylindrical  shell.  A  "pressure  factor"  ili  and  a  "thinness  factor"  A  are  used  as  coordinates 
In  plotting  this  relationship.  This  Idea  vas  Introduced  by  D.F.  Vlndenburg  and  C.  l^lUlng  In  U.8. 
Experlaental  Model  Basin  Report  385,  "Collapee  by  Instability  of  Thin  Cylindrical  Shells  under  Exter¬ 
nal  Pressure,"  July  WS**. 

**A  load  of  32  tons  could  bo  attained  only  by  using  a  rod  36.5  om  In  length. 
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we  would  substitute  the  straight  line  a-b  and  the  curved  piece  b-c  for  the 
curve  a-c  It  Is  true  that  the  maximum  error  would  not  be  very  serious  In 
cases  where  a  high  factor  of  Safety  Is  used;  yet  In  regard  to  submarine  de¬ 
sign  It  Is  of  Interest  to  know  whether— comparatively  speaking— the  first 
pei-manent  set  in  the  structure  occurs  at  a  depth  of  Immersion  of  32  m  or  at 

29.5  m.* 

We  shall  now  continue  with  the  characterization  of  the  collapse  cal¬ 
culations: 

E.  The  Initial  deviations  from  the  exact  geometrical  form,  where  cases 
of  collapse  are  to  be  taken  Into  account,  have  a  tendency  to  Increase  Immedi¬ 
ately;  hence,  In  practice,  viz.,  in  shipbuilding  generally,  we  cannot  allow 
the  limit  =  1  to  be  reached.  Since  the  original  deviations  from  the  Ideal 
form  always  depend  On  the  manufacturing  process  used  In  each  case  (Irregulari¬ 
ties  In  manufacture  and  construction**)  and  since  they  determine  the  earlier 
or  later  occurrence  of  collapse.  It  Is  fundamentally  Impossible  to  make  a 
generally  valid  statement  regarding  the  permissible  factor  of  safety.  Even 
model  tests  can  be  used  only  If  extensive  precautionary  measures  are  taken;*** 
only  experiments  to  full  scale  can  give  reliable  results. 

F.  The  assumed  process  of  deformation  on  which  collapse  calculations 
are  based  Is  In  a  certain  sense  one  of  Instability  In  that  at  first  no  de¬ 
flection  whatever  occurs  when  the  load  Increases  gradually,  but  suddenly,  at 
a  certain  limiting  load,  a  very  pronounced  and  steadily  Increasing  deflection 
occurs. t  As  observation  shows  this  is  not  in  general  what  happens  In  prac¬ 
tice;  even  at  the  smallest  loads  elastic  deflections  occur.  Increasing  In 
approximately  the  same  proportion  as  the  load.  When  a  certain  limiting  load 
has  been  exceeded,  the  material  begins  to  flow  and  a  considerable  part  of  the 
total  deformation  which  has  occurred  no  longer  vanishes  after  the  load  Is 
removed.  If  the  load  is  still  further  Increased  despite  the  fact  that  this 


♦Annotators'  Note:  This  la  apparently  a  misprint  as  It  Is  evident  that  the  author  Intended  to  give 
a  val'.ie  of  25  m. 

**See  Hovgaard,  Memorandum  No,  88,  p.  9. 

♦♦♦Annotators '  Note:  In  the  light  of  existing  knowledge  It  would  appear  that  any  irregularities 
occurring  In  the  model  would  have  the  same  effect  upon  It  as  corresponding  scaled  Irregularities 
occurring  In  the  prototype  would  have  upon  that  structure.. 

t tonotators '  Note:  This  explanation  Is  based  upon  an  analysis  using  so-called  "small  deflection 
theory,"  In  which  only  an  approximate  expression  Is  used  for  the  curvature  of  the  bar.  If  the  exact 
expression  for  curvature  Is  utilized,  the  analysis  Is  then  valid  for  deflections  of  any  magnitude. 
Examination  of  this  more  precise  theory  (loo,  ctt.  Timoshenko,  p,  9'  indicates  that  there  Is  actually 
c  determinate  deflection  normal  to  the  undeflected  ’'ueltlon  of  the  bar  lor  all  values  of  the  axial 
compressive  load. 
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limit  has  been  exceeded,  more  or  less  violent  and  destructive  deflections 
occur,  but  these  lie  then  far  above  the  permissible  "working  loads"  and  do 
not  differ  fundamentally  from  phenomena  of  crushing. 

G.  A  stability  calculation,  therefore,  does  not  represent  the  physical 
process  actually  occurring  as  In  the  case  of  a  stress  or  strain  calculation; 
Instead,  since  a  calculation  taking  Into  account  all  Irregular  Influences  Is 
Impossible,  It  substitutes  for  the  acutal  conditions  a  greatly  Idealized 
limiting  case,  which  Is  very  much  exaggerated  geometrically,  thus  throwing 
the  entire  uncertainty  of  the  process  on  to  a  factor  of  safety  which  must  be 
determined  In  each  particular  case. 

Hi  Stability  calculations,  therefore.  Involve  mathematically  refined 
methods  which,  although  a  priori  abandon  all  claim  to  a  complete  solution  of 
the  problem,  nevertheless  afford  a  deep  insight  into  the  mechanism  of  the 
process.  They  make  it  possible  to  reduce  to  a  minimum  the  number  of  the 
factors  which  are  to  be  Inveatlgated  experimentally;  besides,  they  permit 
a  rational  classification  of  the  observed  phenomena  which  have  hitherto 
appeared  quite  Incoherent  and  often  contradictory.  They  are,  Indeed,  well 
suited  to  meet  the  needs  of  engineering  practice,  for  they  lead  directly  to 
experimental  research  which  becomes  Indispensable  again  and  again,  and  thus 
they  have  become  an  Inexhaustible  source  of  further  knowledge.  This  Is 
especially  true  In  the  problem  of  the  buckling  resistance  of  two-dimensional 
structural  parts  (sheet  iron  covers  and  bottoms). 


2.  THE  CIRCULAH  RING  OR  FRAME 
a.  UNIFORM  INTERNAL  PhESEURE 

Let  the  "neutral  axis"  n,  l.e.,  the  loc^.  of  the  centers  of  gravity 
of  the  cross-sectional  areas  of  size  F  which  are  everywhere  congruent,  form  a 
circle  with  the  radius  r;  let  the  transverse  dimensions  b  and  h  Of  the  ring 
be  small  relative  to  r.  In  the  ring,  which  is  assumed  to  carry  a  load 
(in  kg  per  cm  of  length  of  the  neutral  axis)  which  Is  of  the  same  magnitude 
at  each  point  and  directed  radially  outwards,  there  exists  then  at  each  sec¬ 
tion  a  pure  tensile  stress  as  in  the  case  of  the  straight  rod;  Its  magnitude 
is 


20) 


(2.1] 


-  12 


and  the  safety  of  the  ring  must  be  Judged  by  comparing  this  value  with  a__, 

pz 

and  In  general,  the  maximum  permissible  Internal  pressure 

amounts  to 

22)  pi...  =  [2.2] 


Note: 

It  is  assumed  here 
that  the  load  pj^  results  from 
the  reduction  of  the  pressures 
generally  acting  on  the  flange 
F.  In  those  cases  which  are 
important  for  us,  these  pres¬ 
sures  are  distributed  symmetri¬ 
cally  with  respect  to  the  plane 
a-a  and  their  replacement  by 
alone  Is  permissible  only 
when  the  ring  profile  Is  like¬ 
wise  symmetrical  with  respect 
to  a-a  as  drawn  In  Figure  8.  Otherwise  a  twisting  moment  would 
also  occur.  However,  since. the  unsynunetrlcal  cross  section  Is  found 
much  more  frequently  (angle  Iron,  bulb  angle  Iron),  a  certain  the¬ 
oretical  error  Is  Involved  here;  yet  thus  far  this  has  not  noticeably 
affected  the  practical  applicability  of  the  formulas  given  later  on. 

At  the  same  time,  due  to  the  Influence  of  the  load,  the  ring  suffers 
a  deformation  changing  as  a  result  into  a  circular  ring  with  the  radius  r  +  y^. 
In  general. 


«=o 

and  In  the  special  case  <  o'. 

z  pz 


a 


a 

Figure  8  -  Circular  Ring  or  Frame 
under  Internal  Pressure 


24' ) 


[2.4] 


At  the  same  time,  the  transverse  dimensions  of  the  ring  are  reduced  by  the 
amounts 


25)25a) 


h  =  -—and./  b  =  — b 
tn  m 


[2.5] 
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What  was  said  about  the  straight  rod  in  tension  In  paragraphs  a  to 
d  holds  true  also  In  the  case  of  the  ring  If  applied  logically,  (The  restric 
tlon  that  the  cross  section  must  be  of  the  same  dimensions  everywhere  and 
symmetrical  with  resoect  to  a-a  was  already  made  above). 

b.  UNIFORM  EXTERNAL  PRESSURE  p 

In  analogy  with  the  straight  rod  under  compression,  the  requirement 

32)  12.6] 

is  necessary  here  also  but  is  not  sufficient  since  in  general  a  second  con¬ 
figuration  of  equilibrium  (in  addition  to  that  of  the  circle)  is  possible 
(see  Figure  9);  this  occurs  as  soon  as  where 

36  )  Pk  =  ^  ^  ^  (2.7] 

specifically  for  a  ring  of  rectangular  section,  of  radial  depth  s  and  width 
1  cm,  we  have 

36')  »’'■  =  . jiTF  ■ 

This  formula,  which  in  shipbuilding  is 
frequently  attributed  to  FSppl^appar- 
ently  in  connection  with  the  treatise 
by  Hurlbrlnk  (Schiffbau  T908,  p.  6o6), 
was  the  subject  of  numerous  investiga¬ 
tions  even  in  the  early  eighties  of  the 
last  century;  the  starting  point  of 

tnese  seems  to  have  been  the  treatise  (collapsing)  under  Uniform 

by  J.  Bousslnesq  entitled  "Resls-  External  Pressure 

tance  d'  un  anneau  a  la  flexion" 

(Resistance  of  a  Ring  against  Bending),  Comptes  Rendus  i883.  In  accordance 
with  general  practice  we  shall  hereafter  designate  the  quotient 

37)  S(  =  -gi  [2.91 

as  the  "Fdppl  factor  of  safety"  and  point  out  that  the  observations  made  In 

^Ansotators '  Ilcte:  Thla  formula  Is  usually  attributed  to  M.  hirj,  "KMlre  sur  ym  noofMa  om 
Int^srable  du  problm  de  I'aiastlelte  et  I'uxm  de  sea  applloatlans,"  Jovnwl  dee  Itoth.  pnrss  at 
•PPi*»  (Llourllle) ,  aer  3  to  10,  l86b,  pp,  ^-k2.  It  la  to  be  noted  that  this  a]qgrasalo&  priaiiprPeaa 
a  tuo  lobe  mode  of  collapse. 
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regard  to  the  straight  rod  under  compression  (see  A  to  H)  hold  true  also  In 
the  case  of  the  ring  If  applied  logically. 

To  Illustrate  this,  let  us  consider,  In  analogy  with  a  straight  rod 
of  variable  length  as  In  Section  1 ,  a  circular  ring  of  rectangular  section  of 
1  am  width  and  thickness  s  cm.  Let  the  circular  ring  consist  of  the  same 
material  as  the  rod  and  let  it  be  loaded,  once  by  Internal  and  then  by  exter¬ 
nal  hydraulic  pressure,  up  to  the  limit  to  which  It  remains  free  from  any 
appreciable  permanent  deformations.  Curves  for  the  entire  range  of  the  maxi¬ 
mum  pressures  attainable  under  this  assumption  are  plotted  In  Figure  9^. 

For  an  Internal  pressure  with  F  ■  1  cm  •  s  according  to  Equation 
[2.2]  we  have 

Pi  •  I  cm  =  pi  [2.10] 

Pi  niM  =  o»,  =  iBso  kg/qcm  [2.11] 

l.e.,  p^  Is  plotted  as  the  equilateral  hyperbola  *  285O  drawn  in  solid 
lines  while  the  hyperbola  ■  2200  drawn  In  dotted  lines  corresponds  to  the 
limit  of  proportionality. 

For  external  pressures  the  mere  reversal  of  this  condition  Is  valid 
only  in  case  of  "thick"  rings  up  to  r  »  6.3  s.  For  these,  the  hyperbola 

P«i»M-^  =  «fd  =  3200kg/qcni  [2.12] 

Is  considered  to  be  the  limit.  (We  shall  here  disregard  the  fact  that, 
strictly  speaking,  our  formulas  are  no  longer  valid  for  very  thick-walled  rings, 
since  It  Is  assumed  that  b  and  h  are  small  relative  to  r;  we  are  merely  Inter¬ 
ested  In  the  Illustration  here). 

When  r/s  Increases  further,  we  enter  the  region  of  "seml-slender" 
rings,  extending  from  6.3  to  14.7,  where  the  maximum  attainable  external 
pressure  drops  below  the  values  of  the  hyperbola  and  follows  the  curve  a-c. 

In  order  to  make  the  figure  clearer  In  the  region  a-b-c,  all  curves  have  also 
been  plotted  with  each  ordinate  Increased  five-fold.  (The  right  hand  scale 
is  then  used.)  At  the  point  c,  the  hyperbola  ■  25OO,  l.e.,  the  limit  of 
proportionality  has  been  reached  and  from  here  on.  In  the  region  of  thin 
rings,  the  maximum  external  pressures  attainable  follow  Foppl's  formula. 
According  to  Equation  [2.7],  If  we  use  the  previously  Introduced  p  Instead 
of  p,  we  have 

[2.13] 

[2.14] ’ 


_  E  jr  s  \» 
p.n...  (-y)’  "T"" 
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Figure  9a  >  Limits  of  the  Internal  and  External  Freasures  for 
a  Circular  Ring  of  Martin  Steel  as  a  Function  of  the  Ratio 
of  the  Radius  of  the  Ring  to  Its  Wall  Thlclcness 

i.e.,  a  sort  of  hyperbola  of  the  fourth  degree.  If  we  ignored  v.  Karmen's 
theory,  we  would  be  safe  only  if  we  permitted  for  all  "thick'  and  "seml- 
slender”  rings  only  the  hyperbola  «  2500  as  limiting  pressure  curve. 

In  reality,  however,  considerably  higher  pressures  are  attainable;  for 
example,  for  r/s  •  6.3  a  pressure  of  520  atm.  as  compared  with  iflO  atm., 
i.e.,  27  percent  more  is  attainable.  If  the  Fd'ppl  formula  were  simply 


^6 


extrapolated  up  to  the  yield  point,  this  would  be  equivalent  to  replacing 
the  curve  a-c  by  the  curve  a-b-c.  Then,  for  the  point  b  (r/s  •13),  a 
pressure  of  2^0  atm.  would  result  whereas  actually  only  220  atm.  are  attain¬ 
able. 


3 .  UNSTIFFENED  CYLINDRICAL  TUBE  OF  INFINITE  LENGTH 
a.  UNIFORM  INTERNAL  PRESSURE 

Using  the  designations  of  Figure  10  and  assuming  that  s  Is  small 
relative  to  r  and  that,  consequently,  r^  =  r,  the  tangential  tensile  stress 
existing  at  every  point  becomes 

40)  ^5-1] 

and  the  maximum  Internal  pressure  permissible  is 


42) 


13.2] 
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Figure  10  -  Designations  for  the 
Fraraeless  Tube  of 
Infinite  Length 


At  the  same  time  the  tube  Is 
subject  to  various  deformations  due  to 
the  Influence  of  the  Internal  pressure. 
These  consist  of 

A.  an  Increase  In  the  diameter 
2(r  +  y,),  where 

44«)  y.=e.r=-|r  =  -^  [3.3] 

B.  a  reduction  In  thickness  of 
the  shell  s  by  the  amount 


45) 
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C.  a  longitudinal  contraction  corresponding  to 


13.4] 


45a) 
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Those  parts  of  Eqtiatlons  [3.3]  to  [3.51  which  contain  the  factor  E  are  valid 
only  below  the  elastic  limit  and  only  as  long  as  the  tube  Is  free  to  contract 
longitudinally  or  as  long  as  no  longitudinal  stresses  of  any  kind  (parallel 
to  the  cylinder  axis)  exist  for  some  reason  or  other.  If  the  tube  Is  forcibly^- 
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prevented  from  contracting  longitudinally,  the  value 


«• 


0  = 


m*  —  I 

"STT 


m»  —  I  r 

"isnr'iP* 


[3.6] 


Is  Introduced  for  In  those  equations  and,  as  a  result,  we  obtain 


44") 


y®. 


m*  —  I 
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[3.7] 


The  longitudinal  stress  resulting  at  the  same  time  is 


Bi 


•0 


!  r 
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The  factor  m®E/(ra^  -  1)  which  occurs  In  Equation  [3.7]  In  place  of 
E  in  Equation  [3.3]  is  a  quantity  which  is  characteristic  of  all  elastic  cal¬ 
culations  of  two-dimensional  conditions;  its  origin  and  significance  will  be 
discussed  later  on  (see  Section  4  and  compare  also  Love-Tlmpe,  p.  55^*). 

Here  we  are  satisfied  to  state  merely  that  the  factor  (m‘  -  1 )/m®  equals  O.91 

for  the  value  m  ■  10/3  which  Is  valid  in  ease  of  metals;  hence,  both  «  *  as 
-  * 
well  as  y «  are  9  percent  smaller  than  In  the  free  tube  (with  ends  hot  held 

longitudinally)  while  the  stress  remains  unaltered  (Equation  [3>1]),  a 

result  which  necessarily  follows  from  the  static  conditions. 

In  any  event,  the  statements  made  in  regard  to  the  straight  rod  in 

tension  (see  a  to  d)  hold  true  here  as  in  the  case  of  the  circular  ring  if 

applied  logically. 


b.  EXTERNAL  PRESSURE 

ol 

In  analogy  to  the  conditions  prevailing  In  the  case  of  the  straight 
rod  under  compression  and  the  circular  rl.  under  external  pressure  the 
requirement 

.  52)  1»,<  iord  [3.9] 

obtained  by  reversing  Equation  [3.2]  is  again  necessary,  but  fundamentally 
not  sufficient  since  in  general  a  second  configuration  of  equilibrium  exists 


thii  article  bad  bees  printed,  there  appeared  the  book  "Drang  \md  Ziwang,"  on  adTanoed 
treataent  of  the  science  of  strength  of  aaterlale  for  engineers  by  A.  and  L.  Tiippl,  Tol.  1,  irtisre 
the  difference  between  the  conditions  of  elaetlo  equlllbrluB  on  which  the  X^datlcne  [3.3]  and  13.7] 
are  based,  la  discussed  In  full  (p.  86  and  most  of  the  follow^) .  The  reader  le  unged  to  refwr 
to  this  publication  for  further  details. 
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(Figure  9),  viz.,  when  Pa>Pit.  where 


56) 
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(Bresse  1829;  see  also  Love-Tlrape,  p.  637). 

Equation  [3.10]  differs  from  Equation  [2.7],  which  applies  to  the 
circular  ring  only,  by  reason  of  the  fact  that  E  has  been  replaced  by 
m®E/(m^  -  1),  a  factor  which  has  occurred  before  In  Equation  [3.7].  However, 
Equation  [3.10]  like  Equation  [3.7]  1&  valid  only  when  the  tube  Is  restrained 
against  any  longitudinal  change  of  form.  There  are.  Indeed,  cases  where  this 
condition  Is  satisfied  quite  accurately;  for  example,  consider  a  fire  tube  of 
a  steam  boiler.  This  case  may  be  contrasted  to  that  of  a  tube  that  Is  com¬ 
pletely  free  to  expand,  or  a  tube  that  Is  closed  at  both  ends  and  subjected 
to  axial  pressure.  However,  the  attempt  to  apply  Equation  [3.10],  which  for 
a  long  time  was  the  only  mathematical  formula  for  collapse  of  cylindrical 
shells  under  external  pressure,  to  steam  boiler  tubes  failed  because  It  would 
have  been  necessary  for  the  tubes 

A.  to  be  absolutely  free  to  deform  In  the  radial  direction,  also  at 
the  tube  ends  (see  Figure  9); 

B.  to  have  at  the  same  time  a  constant  length  to  be  maintained  by 
axial  reactions. 

However,  such  a  case  can  hardly  be  realized  In  engineering  practice. 
This  problem  which  Love  and  other  authors  tried  to  deal  with  by  setting  up 
empirical  formulas  based  on  experiments  was  solved  by  the  fundamental  Inves¬ 
tigations  of  R.  v.  Mlses  {Z.V.D.I.  1914,  p.  750).  He  treated  the  case  of  a 
tube  reinforced  by  transverse  stiffeners  fitted  at  a  certain  distance  I  apart 
from  one  another,  as  Indicated  in  Figure  11. 

In  the  case  of  tubes 
reinforced  In  this  manner  two  im¬ 
portant  cases  are  to  be  distin¬ 
guished  according  to  whether  the 
tube  In  free  to  expand  or  contract 
longitudinally  (see  Section  4)  or 
whether  it  is  closed  at  the  ends 
by  bulkheads,  Figure  12,  so  that 
the  total  pressure  »rr®p  is  acting 
at  each  end  (see  Section  3). 


r 

1 

Figure  11  -  Cylindrical  Tube  Pitted 
with  Transverse  Stiffeners 
(Strength  Hull) 


The  formulas  of  Section  3> 
on  the  other  hand,  represent  an  Impor¬ 
tant  preliminary  step  both  from  the 
point  of  view  of  the  historical  devel¬ 
opment  as  well  as  for  the  understanding 
of  the  problem  Involved,  however  small 
their  practical  Importance  may  be  today. 


Figure  12  -  Submerged  Body  Pitted 
with  Frames  and  Ends 


4 .  THE  FREE  CYLINDRICAL  TUBE  STIFFENED  BY  TRANSVERSE  FRAMES 
a.  .UNIFORM  INTERNAL  PRESSURE 

If  we  assume  the  frames  q  to  be  equidistant  from  each  other,  the 
shell  W  bulges  out  between  the  frames  and  assumes  a  bulbous  shape  (see  Figure 
13);  the  deformation  diagrams  between  two  adjacent  frames  are  congruent  to 
each  other  with  the  shell  presumed  to  be  clamped  at  the  frames. 

The  analogous  case  of  a  straight  bar  Is  that  of  a  beam  of  Uniform 
section  clamped  at  the  ends  and  subjected  to  a  uniform  load  (see  Figure  14), 
The  support  may  be  rigid  or  uniformly  yielding. 

We  shall  once  more  discuss  this  case  fundamentally  In  order  to  make 
It  easier  to  understand  the  subsequent  calculations  for  the  two-dimensional 
problems  of  the  tube. 

A.  The  method  of  calculation  common  In  mechanics  starts  out  with  the 
general  elasticity  equation 


a) 


M  _  1 

E)  -  0 


14. 1J 


upon  which  even  Euler's  formulas  for  collapse  were  based.  Specifically,  for 
the  rod  of  rectangular  section  of  width  unity  and  height  s  the  equation 


Figure  13  -  Tube  Free  to  Expand  and  Contract  Axially 
and  Fitted  with  Transverse  Frames 
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12  0 


14.2] 


would  apply.  This  equation  represents  a  hypothesis  with  .respect  to  the  re¬ 
lationship  between  the  static  quantity  "bending  moment  M"  and  the  geometric 
quantity  "curvature  \/p"  on  the  right  side,  where 


b) 


1  ^  d*  y 
*  ~  d  X* 


[4.3] 


(a  purely  geometric  relation).  On  the  left  side,  however,  M  Is  obtained  by 
static  methods  (summation  of  moments  at  any  given  cross  section)  as  a  function 
of  x;  for  a  constant  p  we  obtain 


c) 


M  =  Ma— Ax  — ^ 
2 


[4.4] 


where  M^,  the  moment' at  the  support,  and  A,  the  shearing  force  at  the  support 
at  the  point  x  »  0,  are  at  first  unknown.  Otherwise  M  Is  a  known  function  of 

X. 

The  signs  are  so  chosen  (see  Figure  14)  that  the  "bending  moment  at 
the  point  x"  Is  that  moment  which  the  part  of  the  beam  to  the  left  of  that 
point  (with  smaller  values  of  x)  exerts  on  the  part  to  the  right  of  that 
point  (with  the  greater  values  of  x);  moreover,  this  moment  is  taken  to  be 
positive  In  that  direction  In  which  the  x-axls  when  turned  most  quickly  reaches 
the  y-axls  (In  Figure  l4,  the  clockwise  direction).  Figure  14  shows  how  the 
signs  of  the  reactions  at  the  support  and  of  the  shearing  forces  are  selected; 
they  are  taken  to  be  positive  In  the  direction  of  the  positive  y-axls. 

Equation  [4.3]  substituted  In  Equation  [4.1]  gives 


I') 


d*y  M 
■dx»'^E7 


~  0 


(4.5] 


and  after  substitution  from  [4,4) 


I  ') 


EJ^-£i-Ax+M.  =  o 

d  X*  2 


[4.6] 


Hence,  with  constant  EJ,  we  get  by  Integration 


Ii") 


EJ^=f^^Af-M.x  +  E,bV 


14.71 


and  finally 
Is") 


EJ.y=-2-.^+|-.j-MA^+EJy.;x4-EJyo  [4.8] 
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The  four  constants  A,  N^,  yj.  which  are  unknown  here  and  of  which  only 
the  first  two  must  be  known  In  order  to  compute  the  bending  stress  of  the 
beam,  can  be  determined  as  soon  as  four  values  of  A,  N^,  ^  ox*  y  which  are 
Independent  of  each  other  are  prescribed  at  certain  points.  In  our  example 
(see  Figure  14),  both  for  x  ■  0  and  for  x  >  (  we  must  have  ^  ”  0  and  y  ■  0. 
For  these  boundary  conditions  there  results  from  Equations  [4.8]  and  [4.7]: 


o  =  yo 
o  =  yo' 

o  =  -2-l«  +  yl*-MAl  =  |^l*  +  4j~MA 

24  O  2  —JLS™. 


[4.9] 

[4.10] 

[4.11] 

[4.12] 


A  = 


--21 
2  ' 


Thus  the  unknown  moment  Is  determined,  Now  A  and  are  still  to  be  In¬ 
serted  in  Equation  [4.4]: 


and  from  this  the  maximum  value  of  M  Is  to  be  determined  which  will  be  \ax 
"  **A  "  obtain 


Ob  «•»  =  «fc  A  —  «t  B 


_  Ma  _  P 
“  W  “12W 


[4.14] 


where  W  designates  the  moment  of  resistance  of  the  cross-sectional  area 
(section  modulus }i  specifically  for  a  rectangular  section  of  width  I  and 
height  s, 

.,_  =  i(±)’.  1-..15) 

If,  In  addition.  It  seems  desirable  to  know  the  maximum  deflectloni 
the  A,  yj  and  y,  are  to  be  substituted  In  Equation  [4.8]  from  which 
y  ■  f(x)  Is  fully  known.  We  obtain 
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Figure  l4  -  Continuous  Beam 
under  Uniform  Load 


It  Is  advantageous  to  use  the 
symmetry  Imposed  on  the  problem  by  the 
boundary  conditions  and  to  rewrite  the 
Equation  [4.l6j  In  such  a  manner  that 
this  symmetry  can  be  recognized. 

If  It  Is  considered  that  the 
elastic  curve  must  be  symmetrical  with 
respect  to  the  ordinate  x  ■  1/2  (Figure 
V4)  and  that  therefore  the  same  value  of 


y  must  be  obtained  If  {  -  x  Is  substituted  for  x,  then  the  Equation  [4.1 6] 
may  also  be  written  in  the  form 


Isa") 


EJ.y=£xMt-x)* 
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[4.17] 


from  which  the  desired  objective  and,  at  the  same  time,  the  most  concise 
form  Is  obtained,  in  a  similar  manner  we  may  write  for  Equation  [4.13] 


C2) 


M 


12  2  ’ 


[4.18] 


B.  In  the  general  theory  of  elasticity.  It  Is  customary  to  reach  out 
a  little  farther  and  to  advance  the  Integration  two  steps  higher  by  consider¬ 
ing  the  conditions  of  equilibrium  of  an  elemental  piece  of  beam  of  length  dx 
which  may  be  cut  out  at  any  point  whatsoever,  Instead  of  considering  those  of 
an  element  of  finite  length  assumed  to  be  detached  from  the  rest  of  the  beam. 
This  gives  (see  Figure  15): 


1) 

■  — V  +  pdx  — V  +  dV  =  0 

[4.19] 

u  dV  , 

hence  -7 — h  p  =  0 
d  X 

[4.20] 

2) 

M  +  Vdx  —  M  —  dM  =  0 

[4.21] 

,  d  M  ,, 

hence  —  V  =  0 

d  x 

[4.22] 

and  by  elimination  of  V  we  get 

.V  da  M  .  r.  , 

C)  H^aT  +  P*®  [4.23] 

Equation  [4.23],  showing  that  the  moment  curve  for  constant  p  must  be  a  sec¬ 
ond  degree  function  of  x,  may  be  introduced  into  the  fundamental  equation  [4,6] 


.  .  23 


which  always  holds  after  the  latter 
has  been  differentiated  twice.  We 
obtain 


(at  any  point  x  of  the  beam) 


or  for  a  beam  of  specifically  rectan¬ 
gular  section  (see  Equation  [4.2]  this 
becomes 


>r 

Figure  T5  -  Straight  Rod  Clamped 
at  Both  Ends  (Deflection  Curve 


and  Curve  of  Moments) 


Equation  [4.25]  la  the  differential  equation  of ‘the  elastic  curve  of  the 
straight  beam  under  uniform  load:  its  great  advantage  lies  In  its  extra¬ 
ordinary  generality  which  is  based  not  only  on  the  arbitrary  manner  in  which 
p,  E,  and  J  may  vary  with  x,  but  especially  upon  Its  unlimited  adaptability 
to  conditions  of  support  of  any  kind  whatsoever..  Outwardly  this  is  Indicated 
by  the  fact  that  It  contains  only  such  constants  or  functions  which,  like  E, 

3,  and  p,  must  be  given  for  the  solution  of  a  definite  problem  whereas  unknown 
supporting  moments  and  reactions  no  longer  exist.  "In  It,  all  special  condi¬ 
tions  of  a  particular  case  or  problem  are  eliminated  and  the  typical  expression 
for  the  entire  class  of  such  ...  phenomena  is  obtained"  (Hamel,  Elementare 
Nechanlk,  Teubner  1912,  pp.  26  and  42).  The  Individual  case  Is  obtained 
through  Integration  of  Equation  [4.24]  which  reduces  here  to  a  mere  quadruple 
Integration  and  can  always  be  performed  when  p,  E,  and  J  are  given  functions 
of  X.  In  the  special  case  when  p,  E,  and  J  are  constant,  we  have 

V 

EJ-r-4=  shear  force  with  negative  sign 

1'")  ^  1  v-„  V 

\  '  =  —  V  =  px  —  Va 


...J") 


V 

E  J  bending  moment  with  negative  sign 

=  —  M  = -E.  X*  —  Va  X  —  Ma 


[4.27] 


from  which,  when  Is  replaced  by  its  equal  and  opposite  bearing  reaction  at 
the  point  A,  Equation  [4.27]  or  [4.4]  Is  obtained  again  as  It  should  be. 

From  this  point  on  the  calculation  can  be  carried  on  as  under  A. 

It  Is  Important  to  note  that  In  order  to  find  the  variation  SKjments 
It  Is  never  necessary  to  first  determine  the  elastic  curve.  If,  nevertheless, 
by  proceeding  according  to  a  purely  schematic  method  y  *  f(x)  were  calculated 
completely  In  advance  and  If  we  went  back  to  find 
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Figure  l6  -  Bending  Moments  and 
Snear  Forces  in  the  Case  of 
tne  Straight  Bar 


dx  =  o 


M  =  -EJ^  [4.28] 


then  this  would  obviously  be  a  round¬ 
about  method  of  calculation.  It  la 
best,  therefore,  as  is  generally  known, 
to  use  Equation  [4,4]  (moment  curve) 
obtained  in  one  way  or  another,  l.e., 
according  to  [4,20]  or  [4.22],  and  to 
endeavor  to  determine  directly  the  two 
unknown  constants  A  and  from  the  two 
conditions 

I 


X  dx  =  o 


[4.29} 


expressing  the  state  of  the  beam  at  th'»  -‘-pports  which  need  not  be  discussed 
here  in  detail. 

With  respect  to  our  real  and  more  difficult  problem  Concerning  the 
tube  stiffened  by  transverse  frames,  we  must,  however,  point  out  the  follow¬ 
ing: 

All  these  methods  are  based  solely  on  the  possibility  of  Integrating 
Equation  [4.23]  directly;  this  equation  states  that  the  moment  curve  must 
always  be  a  quadratic  function  of  the  length  of  the  beam.  The  nature  of  the 
moment  curve  Is  therefore  independent  of  the  intermediate  values  of  y  (at  any 
point  x);  Its  location  relative  to  the  axis  of  the  beam,  however,  varies  from 
one  i)roblem  to  another  depending  entirely  on  the  boundary  values  of  y  ,  y  , 

I  I  0  1 

y  ,  y^ .  If,  however,  the  form  of  the  moment  curve  depends  also  on  the  inter¬ 
mediate  values  of  y— as  we  shall  observe  in  a  tube  stiffened  by  frames—, 
we  must  perform  the  purely  mathematical  process  of  complete  integration  of 
the  differential  equation  before  the  moment  curve  can  be  found.  Such  problems 
may  in  a  certain  sense  be  regarded  as  statically  Indeterminate  of  a  higher 
order.  One  has.  Indeed,  used  the  term  "statically  Indeterminate  of  an  Infi¬ 
nite  order"  and  this  with  a  certain  degree  of  Justification  as  we  shall  see 
later  on. 

Finally,  It  Is  Important  to  note  that  E  had  to  be  constant  through- 
out  or  at  least  a  known  function  of  x  In  order  to  make  the  Integrations  possi¬ 
ble.  From  this  It  follows  that  for  the  statically  Indeterminate  beam  not  oJny 
the  explicit  expressions  for  the  displacements  (Equations  [1.10],  [2.4],  [5.3], 
[4.1 6])  are  correct  only  up  to  the  elastic  limit— as  in  the  case  of  the 
straight  rod  and  the  ring  mentioned  previously—,  but  the  same  holds  true  for 
the  expressions  for  the  moments  and  bending'’ stresses.  For  if  at  any  one  point 
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of  the  beam  the  calculations  gave  tensile  stresses  greater  than  or  com¬ 
pressive  stresses  greater  than  <Tp^,  then,  according  to  the  stress-strain 
curve,  the  elongations  and  contractions  occurring  at  these  points  would  not 
be  as  calculated  and  hence  also  the  curvatures  l/p  and  therewith  the  moment 
curve  would  finally  change  too.  It  is  true  that  the  functional  character 
of  the  moment  curve  must  always  remain  the  same  (Integration  of  Equation 
[4.4]),  but  Its  location  changes  for  statically  Indeterminate  problems  as 
compared  with  the  case  where 

D  max  r 

For  statically  determinate  problems  where  all  bending  moments,  etc., 
can  be  fully  determined  simply  from  the  conditions  of  equilibrium  of  the 
rigid  body,  quite  Independent  of  any  hypothesis  as  to  their  elastic  behavior, 
the  moment  curve  must,  indeed,  retain  its  position  beyond  the  elastic  limit; 
but  the  extreme  fibre  stresses  corresponding  to  the  individual  moments  are  no 
longer  proportional  to  the  moments.  For  a  statically  determinate  case,  i.e., 
a  beam  resting  on  two  supports  and  loaded  by  a  single  load  at  the  middle, 

E.  Meyer,  on  the  basis  of  the  stress-strain  curve,  calculated  the  bending 
stresses  from  the  known  moments  and  from  these  he  finally  found  the  corres¬ 
ponding  deflections  as  functions  of  the  magnitude  of  the  point  load  (Z.ViD.I. 

1908,  p.  167). 

One  Interesting  and  Important  result  of  Meyer's  Is  the  following: 

Even  In  experiments  on  bending  the  elastic  deflections  show  stepwise 
changes  at  the  elastic  limit  and  at  the  yield  point  very  similar  to  those 
observed  In  experiments  on  simple  tension  and  compression.  However,  If  we 
calculate  the  "bending  stress"  corresponding  to  the  yield  point  on  the  basis 
of  the  ordinary  formula  set  up  for  E  =  2,200,000  and  therefore  no  longer  valid 
for  our  present  case,  we  find,  for  Instance,  tensile  stresses  of  4400  kg/cm® 
for  a  material  of  only  3000  kg/cra^  elastic  limit.  This  fact, which  has  been 
fully  explained  by  E.  Meyer  and  which  represents  an  important  supplement  to 
the  studies  by  Pletzker  regarding  tne  customary  exceeding  of  the  yield  point 
In  shipbuilding  (Ibid.,  p,  2,  line  14  from  the  bottom  of  the  page)*  is  of 
paramount  Importance  to  us.  The  conclusion  Is  drawn  that:  "If  the  bending 
stresses,  calculated  on  the  basis  of  formulas  which  In  reality  are  valid  up 
to  the  elastic  limit  only,  attain  values  which  exceed  the  limit  of  elasticity 
by  not  too  great  a  percentage,  then  the  deflection  Is  still  not  much  In  excess 
of  the  linear  law;  the  maximum  deflections  continue  to  follow  the  linear  law 
approximately."  Such  cases  were  observed  by  us  also,  and  the  cause  of  this 
phenomenon  will  be  discussed  later  on. 

Returning  to  the  problem  of  the  tube  stiffened  by  transverse  frames 
and  subject  to  Internal  pressure.  It  Is,  In  view  of  the  foregoing,  jiecessary 
first  to  find  the  elastic  curve  to  which  the  shell  bulges  out  between  the 
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frames;  hence,  we  must  first  set  up  the  general  differential  equation  of  that 
curve.  As  in  the  case  of  the  straight  rod,  this  Is  effected  by  combining  three 
classes  of  equations,  namely; 

A  class  of  type  (a):  Static-geometrical  relations  between  bending 

moment  and  curvature  (or  between  tension  and 
elongation) ; 

A  class  of  tyfe  (b):  purely  geometrical  relations  between  the  co¬ 
ordinates  of  the  elastic  curves  on  one  hand 
and  curvature  and  elongation  on  the  other; 

A  class  of  type  (c):  purely  statical  relations:  conditions  of 

equilibrium  for  an  element  Imagined  to  be 
detached  from  the  shell  of  the  tube. 

In  an  article  by  v.  Sanden,  Z.V.D.I.,  1910,  p.  2062,  these  three 
classes  of  equations  are  abstracted  from  the  general  theory  of  thin  shells 
according  to  Love-Timpe,  pp.  586-609.  and  then  applied  to  the  tube  which  Is 
free  from  end  pressure;  the  designations  adopted  there  are  A,  B,  and  C, 
respectively.  Classes  (a)  and  (b)  are  represented  by  six  equations  each, 
class  (c)  by  two.  As  far  as  necessary,  these  equations  will  be  noted  later 
on;  they  differ  from  those  for  tne  straight  rod  In  the  following  points: 

The  two  equations  of  class  (c): 

If  (In  Figure  1?)  we  Imagine  a  strip  of  1  cm  width  and  running 
parallel  to  the  tube  axis  x-x  to  be  detached  from  the  adjacent  elements  of 
the  shell  and  subjected  to  the  Internal  pressure  p^,  then  this  strip  will 
bend  out  more  at  each  point  than  If  It  had  remained  In  contact  with  the 
adjacent  strips  because  a  def:.ectlon  y  can  take  place  only  If  there  occurs 
at  the  same  time  an  expansion  y/r  of  the  circular  ring  Intersecting  the  strip 
perpendicularly,  similar  to  the  case  discussed  under  Section  2  (see  Figure  I8). 
In  other  words:  The  load  p^^  kg  exerted  on  the  small  square  of  1  x  1  cm  Is 
supported  both  longitudinally  and  transversely  (and  herein  lies  the  fundamental 
static  discovery  for  tubular  structures): 

1 .  as  In  the  straight  beam,  by  the  bending  moments  and  shear 
stresses  transferred  to  the  supports  A  and  B; 


2,  as  In  the  circular  ring,  by  circumferential  tension  In  the 

section  S  which  occurs  at  the  same  time,  resulting  In  partial  relief  of  the 

strip  from  bending  (component  q„  s/r  directed  radially  Inwards;  see  Figure  18). 

2 


Hence,  Instead  of  Equation  (4.4),  we  obtain 


/d»  M  a.  s  \  , 


[4.30] 
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Figure  17  -  The  Interrelation  Between  Figure  l8  -  Radial  Resultant  a  of  the 

Bending  and  Axial  Elongation  Tangential  Forces  <^_xs 

z 

which  represents  a  combination  of  Equations  [4.23]  and  [3.1]. 

The  other  equation  of  the  class  (c)  expresses  the  fact  that  the 
mean  value  of  the  axial  tensile  stresses  (parallel  to  the  cylinder  axis)  taken 
over  the  shell  thickness  must  disappear  in  the  entire  tube  since,  according  to' 
our  assumption,  the  tube  dealt  with  in  this  Section  4  Is  free  to  slide  longi¬ 
tudinally  (see  Figure  13).  Hence  we  write 

CJ  «.'  =  o  [4.31] 

The  accent  mark  In  a  '  Is  used  to  signify  the  fact  that  the  corresponding 

z 

vector  is  parallel  to  the  x-axls,  a  designation  which  will  be  used  everywhere 
in  the  following  discussion. 

At  first  it  may  seem  unnecessary  to  write  Equation  [4.31  ]  since  it 

might  be  concluded  from  the  analogy  to  the  beam  problem  that  Is  Is  not  needed 

for  the  solution  of  this  problem.  Nevertheless,  as  the  difference  between 

the  formulas  [3.3]  and  [3.7]  demonstrates  for  the  tube  of  Infinite  length 

(Section  3),  the  stress  <j  '  plays  an  Important  role  for  the  following  reasons: 

z 

Equation  [4.30]  shows  a  peculiar  relationship  between  the  static 
Influence  of  two  stresses  or  resultant  stresses  acting  on  plane  elements  per¬ 
pendicular  to  each  other.  If  this  relationship  Is  merely  based  on  the  speci¬ 
fic  geometrical  form  (cylindrical  tube)  of  the  two-dimensional  structure  here 
Investigated,  then  there  exists  still  another,  much  more  pronounced  inter¬ 
relation  of  all  stress  systems  whicii  act  In  directions  perpendicular  to  one 
another;  this  Is  due  to  the  peculiar  quality  of  all  metals:  the  phenomenon 
of  the  so-called  transverse  contraction.  As  experience  shows.  It  Is 
often  rather  difficult  to  elicit  understanding  for  this  Influence,  so  much  so 
that  even  the  most  Inevitable  conclusions  are  doubted  In  all  seriousness. 

The  introduction  of  m  Into  these  equations  Is  regarded  as  a  dis¬ 
guised  reduction  of  E  In  order  to  bring  about  a  better  agreement  with  reality. 
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Figure  19  -  Forces  and  Moments  About 
the  Element  of  Shell  Plating 

direction  of  che  dimension  d  (Figure 


a  result  which  It  Is  claimed  could  be 
attained  In  a  far  less  complicated 
manner  without  Introducing  m,  etc. 

For  this  reason  we  shall  discuss  these 
things  In  detail  here.  For  example, 
we  know  that  a  straight  rod  In  simple 
tension  undergoes  an  elongation  (see 
Section  1  ) 

[4.32] 

and  at  the  same  time  a  transverse  con¬ 
traction  which,  for  Instance,  In  the 
20),  Is 


Zd 

m  E  F 


14.331 


In  this  case  the  relations  (see  Figure  20) 


®i  —  p  —  E  *« .  0(1  —  0. 


[4.34] 


apply  with  x’espect  to  the  normal  stresses  In  the  directions  I  and  d. 

It  Is  clear,  however,  that  the  contraction  by  an  amount  -  Ad  could 
also  be  effected  In  another  way  than  by  applying  a  tensile  load  Z,  viz.,  by 
subjecting  the  rod  to  an  external  hydraulic  pressure  -  (Figure  20).  The 
result  would  be 


(^d)j  = 

—  cj  d  ■=  - 

[4.35] 

(J  l)j  = 

Od  , 

14.36] 

m 

mE  ' 

Generally  speaking*  both  cf  these  in¬ 
fluences  are  always  present  In  a  two- 
dimensional  body;  the  total  elongation 
A  I  and  the  transverse  contraction 
-d  d  In  this  general  case  must  there¬ 
fore  be  formed  as  the  sura  of  (Al)^ 
and  (Al)  or  (Ad)  and  (dd)„,  respec- 

S  ^  2 

tlvely,  with  the  result  that 


Figure  20  •  Diagram  of  a  Rod  In  Tension 
and  Subject  to  an  Additional 
Hydraulic  Load 
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J\  = 


(^l)l+UI)2  =  -g-l 


[4.37] 


or 


—  J  d  —  —  (J  (i)t  —  {J  4)2  —  d  - 


[4.38] 


J\ 

1 

Jd 

d 


Si 

E 


Od 

m  E 


a,  oi 


[4.39] 

[4.40] 


Upon  solving  for  the  stresses  tr^  and  <t^  we  obtain 


These  equations  show  that  the  stress  a  acting  In  a  given  direction  depends 
not  only  on  the  elongation  which  occurs  ii  the  same  direction,  but  that  the 
elongations  occurring  In  directions  perpendicular  thereto  play  a  part  also, 
though  a  less  Important  one  (factor  l/m  =  0.3).  This  means,  however,  that 
the  equations  of  the  class  (a)  can  no  longer  retain  their  simple  form  as  In 
the  case  of  the  one -dimensional  rod  subjected  to  a  load  at  the  end.  (See 
Hiitte  I.,  p.  527)  Indeed,  this  is  true  not  only  of  the  relations  between 
elorigatlons  and  tensions,  but  also  of  those  between  curvatures  and  bending 
moments,  the  latter  relations  being  based  on  the  former  anyhow.  Regarding 
these  latter  relations  we  shall  not  consider  the  systematic  procedure  here 
any  further  (see  Love-Tlmpe,  p.604-5.  Equations  (3b)  and  (37).  for  example); 
rather  shall  we  return  to  observation 
pointing  out  tne  well-known  phenomenon  of 
the  so-called  antlclastlc  curvature*  re¬ 
sulting  from  the  bending  of  an  Iron  plate 
(Figure  21).  Although  no  bending  moments 
are  applied  to  the  free  lateral  surfaces 
2,  there  nevertheless  occurs  a  curvature 
with  the  radius  p'  because  ti,e  fibres  on 
the  upper  edge  not  only  undei'go  an  elon¬ 
gation  In  the  direction  x-x,  but  they 

also  contract  in  the  transverse  dlrectlon^^^^”^®  curvature  p 

Resulting  from  the  Bending 

y-y  while  conversely  on  the  lower  edge  of  an  Iron  Plate 


^Annotators Note:  A  more  detailed  dlBoueelon  of  this  phenomenon  may  te  found  In  3.  Timoshenko's 
'Theory  of  Plates  and  Shells,"  McOraw-Hlll  Book  Coopany,  New  York,  1940. 
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the  longitudinal  compression  must  be  coupled  with  a  transverse  elongation  so 
that  finally  the  curved  form  seen  In  Figure  21  results.  Only  by  the  subse¬ 
quent  application  of  moments  M'  could  the  curvature  p'  be  removed  again. 

After  having  made  these  comments,  we  shall  now  write  down  the 
following  four  equations  of  the  class  (c)  In  so  far  as  they  apply  In  our 
particular  case  (see  Equation  [4.2]: 


[4.42] 

[4.43] 

[4.44] 

[4.45] 


While  the  quantities  <r  ,  a  and  M  have  already  occurred  In  Equations  [4.31] 

z  z 

and  [4.30],  the  quantity  M'  appears  now  for  the  first  time.  M'  Is  a  bending 
moment  about  the  cylinder  generatrix  through  the  point  In  question.  Even  In 
the  case  of  a  tube  there  generally  exists  a  second  bending  moment  M'  ■  ^ 
about  the  longitudinal  axis  in  addition  to  the  bending  moment  M  about  a  tan¬ 
gential  axis.  Under  uniform  hydrostatic  pressure  such  a  tube  must  always 
retain  a  circular  cross  section  (where  the  change  of  curvature  Is  zero)  by 
virtue  of  symmetry.  Only  at  several  points  where  M  disappears  because.  In 
addition  to  p'  which  vanishes  everywhere,  p  Is  also  equal  to  zero,  l.e.,  at 
the  Inflection  points  M'  disappears  also. 

Equations  of  class  (b) 

These  relations  resulting  from  differential  geometry  are  now  to  be 
grouped  together  with  specific  reference  to  the  case  under  discussion;  the 
deflection  y  Is  here  reckoned  positive  In  the  direction  of  Pj^,  l.e.,  radially 
outwards . 


B 


1—2 


I  _  d*  y 
V  ~  d  X* 


I 


[4.46] 

[4.47] 

[4.48] 

[4.49] 
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Here  the  displacement  u  in  the  direction  of  the  x-axls  occurs  for  the  first 
time;  there  arises  the  problem  of  determining  by  integration  two  unknown 
functions  of  x*  viz.,  u  and  y.  Therefore,  it  is  actually  a  question  of 
integrating  two  simultaneous  differential  equations  for  u  and  y.  As  a  re¬ 
sult,  the  elastic  displacements  in  two  directions  perpendicular  to  each  otner 
are  likewise  closely  related  to  one  another  as  expected. 

If  we  were  to  proceed  now  according  to  a  purely  schematic  method 
introducing  on  one  hand  the  Equations  [4.48]  and  [4.49]  Into  [4.44],  the 
Equations  [4.46]  and  [4.47]  into  [4.42],  and  to  Insert  everything  into  [4.30], 
and  if,  on  the  other  hand,  the  Equations  [4.46]  and  [4.47]  were  introduced 
Into  [4.43]  and  the  latter  Into  [4.31],  we  would,  Indeed,  obtain  two  equations 
both  containing  y  and  u  and  their  differential  quotients. 

If  we  consider,  however,  that  In  Equation  [4.30],  formed  in  this 

manner,  only  the  one  term  with  contains  the  displacement  u  and  that 

z  « 

can  be  expressed  in  a  simple  manner  In  terms  of  e_,  we  succeed  in  setting 

z 

up  a  single  differential  equation  for  y,  viz..  Equations  [4.31]  and  [4.43] 
become 

60)  “  =  =  +  I'-^ol 

hence 


and  Inserted  Into  Equation  [4.42]  we  get 


m»E 

I 


[4.51] 


[4.52] 


or,  from  Equation  [4.46] 
60a) 


®i 


r 


Therewith  Equation  [4.30]  becomes 

d*  /  tn*  E  s®  d*  y\  E  s  , 

d  X*  V  m*  —  I  ’  12  d  xV  r*  ^  P*  ~  ° 

or 


[4.53] 


[4.54], 


d*v 

dx« 


—  12 


y  \  m®—  I 
r*  s*  / 


=  0 


II) 


[4.551 


This  Is  the  differential  equation  of  the  elastic  curve  of  an  axially  free, 
open  cylindrical  tube  stiffened  by  frames  and  subject  to  a  uniform  Internal 
pressure.  It  Is  entirely  analogous  to  Equation  [4.25]  for  a  straight  beaim 
of  rectangular  section  subjected  to  a  uniform  load,  from  which  (while  obviously 
being  very  similar)  It  differs  In  the  following  respects: 

(a)  Prom  the  pressure  effects  a  deduction  is  made  proportional  to 

the  deflection  which,  as  we  have  seen,  corresp.nds  to  that  portion  of  the 

load  which  Is  absorbed  directly,  as  It  were,  by  the  tangential  tensions  o  . 

z 

This  means,  however,  that  In  line  with  our  previous  statements  a  strip  of 
the  shell  may  be  compared  to  a  beam  which  is  supported  by  an  Infinite  number 
of  elastic  supports;  hence,  we  are  justified  la  speaking  of  the  problem  as 
being  Infinitely  statically  indeterminate. 

(b)  The  factor  (m^  -1)  expresses  the  total  effect  of  the  lateral 
contraction  which  seemed  so  confusing  In  the  beginning. 

Both  serve  to  reduce  the  deflections  y  and  hence  the  moments 
-£J  :  d*  y/d  x* ;  they  tend  therefore  to  relieve  the  strains  In  the  shell. 

This  Is  at  once  clear  with  respect  to  the  modification  discussed  under  (a); 
moreover,  as  far  as  the  factor  (m*  -1  )/m®  (which  Is  equal  to  0.91 )  Is  con¬ 
cerned,  It  Implies  that  a  deduction  of  9  percent  Is  to  be  made  from  the  dif¬ 
ference  enclosed  In  parentheses.  It  Is  Interesting  and  worthwhile  to  observe 
on  the  basis  of  Figure  21  the  manner  of  lateral  contraction  of  the  beam  when 
It  reverts  to  Its  straight  form  (due  to  the  application  of  appropriate  moments 
M' ). 

We  shall  add  here  a  few  historical  remarks  on  Equation  14.55]* 

Both  In  the  mathematical  theory  of  elasticity  (Enzyklopadie  der  mathematlschen 
Wlssenschaften,  Vol.  IV,  Lamb)  as  well  as  In  mechanical  engineering  (Stodola, 
Die  Dampfturblne,  4th  Edition,  1910,  P*  96)  and  In  civil  engineering  (see 
below)  the  equation  appears  (In  even  more  general  form)  and  It  seems  that  the 
authors  In  question  failed  to  realize  Its  application  In  related  fields  of 
engineering;  we  regret  that  we  were  unable  to  determine -the  time  and  place  of 
Its  first  appearance.  In  shipbuilding  It  was  probably  F.  Horn*  who  first 
established  Equation  (4.55]  In  connection  with  submarine  construction  by  the 
Germanlawerft  In  Kiel  and  later  at  the  Danzig  Navy  Yard.  Like  R.  Lorenz 
(Z.V.D.I.  1910,  p.  1397),  h^ever,  apparently  under  the  Influence  of  Pb'ppl 
(Cf.  Vol.  V),  he  failed  to  take  into  account  the  lateral  contraction.  While 
F.  Horn  had  already  drawn  very  far-reaching  conclusions  from  his  equations 


*]fot  published;  cf.  Johow-Foerster,  4th  Kditioa,  Section  9. 
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which,  however,  were  often  misinterpreted  and  consequently  questioned, 

Stodola  recommended  turning  Immediately  to  numerical  values  In  each  case 
Instead  of  carrying  out  general  calculations.  The  civil  engineers  MUller- 
Breslau,  Poeschl  and  Terzaghl*  and  the  mathematician  Runge**  probably  came 
closer  than  anyone  else  to  the  very  general  solution  (p  varying  linearly  with 
X,  variable  wall-thickness,  and  the  exclusion  of  Hooke's  law).  They  developed 
methods  of  solution  that  produced  quick  results  for  wall-thicknesses  varying 
stepwise  (unsymmetrlc  conditions  of  support).  For  shipbuilding,  however,  the 
symmetrical  case  has  hitherto  been  the  most  Important.  The  resumption  of 
Horn's  calculations  for  shipbuilding  purposes  is  due  to  the  Initiative  of  Dr. 
Ing.  Techel  (Germanlawerft,  Kiel)  resulting  from  the  critical  supplement 
written  by  v.  Sanden  to  the  treatise  of  R.  Lorenz  (Problem  der  Parsons- 
Turblnentrommel).  Dr.  Techel  continued  to  hope  that  the  obscurities  and 
uncertainties  concerning  the  actual  depth  of  Immersion  of  submarines  at  rup¬ 
ture,  which  had  existed  for  a  long  time,  might  be  resolved  by  this  method 
and  that  this  might  pave  the  way  for  the  design  of  the  most  efficient  con¬ 
struction  of  strength  hulls  In  submarines.  The  results  of  calculations  and 
experiments  have  now  proven  that  Dr.  Techel  (whose  hopes  were  not  shared  by 
anybody  for  a  long  time)  was  absolutely  right;  the  use  pf  the  general  theory 
of  elasticity  proved  to  be  worthwhile  beyond  all  expectations. 

Let  us  now  turn  to  the  Integration  of  Equation  [4.25].  We  write 


d<y  ,  m*  —  I  12 
dx*'^  m»  ■  r«s» 


and  note  that  this  equation  possesses  one  solution 

y  =  [4.57] 

^  Es 

which,  according  to  Equation  [3.3],  represents  the  radial  expansion  of  a 
frameless  tube  capable  of  free  lengthwise  contraction.  Hence,  we  write 
(Figure  22) 


a) 


[4.58] 


iQaraobaut^  roa  BebKLtern  oacb  neuarvn  ankijrtlacben  usd  gnptalaoben  Matbodan,  Barlln  1913,  Isel. 
naaroua  bibliographical  referssoaa  on  tha  aubject  of  olTll  anglnaarisgi  applloatlon  of  tha  V.  Site 
■atbod. 

a^fbar  dla  fonaiQderung  alnaa  sjrllndrlaoban  Waaael'ua^3b.tar8  durcb  dan  Waaaardruok,  Zaltaobr.  f. 
Hath.  tt.  FhTolk  1904,  p.  2^. 
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“i  - 


Figure  22  -  Transversely  Stiffened 
Tube  under  Internal  Pressure 


and  furthermore,  In  order  to  reduce 
Equation  [4.33]  to  Its  simplest  possible 
form, 


p) 

3,-4 

[4.391. 

m*  r*s* 

y) 

y«  -  y  =  z 

[4.60] 

Thereby  Equation  [4.23]  takes' 

the  form 

II') 

d*  z  .  . 

[4.61] 

l.e..  It  becomes  a  homogeneous  linear  differential  equation  of  the  fourth 
order  with  constant  coefficients.  The  solution  of  this  equation  Is 

z  =  e*«  [4.62] 

since  It  follows  that 


X,4  e^*  -P  4  e**  =  e*  *  +  4  »*)  =  o 


[4.63] 


This  equation  can  be  generally  satisfied  only  if 

M  +  4o«  =  o  [4.64] 

therefore 

».  =  ]/  —  4  «*  =  [4.63] 

(see  Hiitte  ,  I.,  p.  47) 

22 

The  complete  Integral  then  reads  (HUtte^^,  I.,  p.  83) 

z  =  sin  o  X  +  50  cos  ox)  +  e"**  ((J  sin  ox  +  5Dcosox)  [4.66] 

It  Is  advisable  to  Introduce  here  the  hyperbolic  functions  (HUtte^^, 
I.,  p.  64;  see  also  Engineering  19'19»  P.  306) 

e*’'  =  ©inox  +  C^cfox;  c“**  =  —  ©ino x  +  (Sof o x  [4.67] 

In  place  of  the  exponential  functions;  as  a  result 


z  =  («-(£)  ©Ino  X  sin  0x4  (9  —  D)  ©in  ox  cos  o  x  4- 
4*  (%  +  G)  6of  o  X  sin  o  X  4*  (9  4-  X)  (Sof  o  x  cos  o  x 


[4.68] 
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for  which  we  may  also  write 


II.') 


z  =  y«  —  y  =  A*  @itt  a  x  sin  o  x  +  B'  ©in  o  x  cos  o  x  + 
+  C'  (Sof  a  X  sin  o  X  4-  D'  Cof  o  x  cos  a  x 


[4.69] 


since  the  constants  are  completely  arbitrary. 

We  must  calculate  and  Insert  a  and  y^  from  the  given  data,  accord¬ 
ing  to  Equations  14.^9]  and  [4.60],  as  follows: 


a') 


fi') 


y 


r*pi 

£s 


m*  r»s»-j/7i 


14.70] 

t4.7l] 


(The  statement  In  the  Z.V.D.I.  1910,  p.  2062  to  the  effect  that  the  fac 
(m®  -  1 )/m®  is  still  to  be  added  on  the  right  side  in  Equation  [4.70]  is 
Incorrect ) . 

Arranged  in  a  somewhat  different  order,  it  is  easy  to  compare 
Equation  [4.69]  with  the  corresponding  Equation  [4.1 6]. 


I 
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•') 


EJ.y  =  p^+A^-MA-|-+EJyo'  +  EJyo 


[4.72] 


E  S'  y  =  r*  Pi  +  A'*  ®iu  o  x  sin  o  x  +  B"  ©in  «  x  cos  «  x  +  [4.73] 

+  C"  Cof  o  X  cos  a  X  +  D"  (Sof  e  x  cos  •  x. 

The  essential  difference  is  that  in  the  upper  equation  the  term  with  p 
is  a  function  of  x  (and  thus  of  the  unsupported  length  {)  while  in’ the  lower 
equation  only  the-constant  r*  occurs  as  a  factor.  The  Influence  of  I  is  thus 
different.  Moreover,  in  the  case  of  the  beam  according  to  Equation  [4V4] 
only  the  two  constants  A  and  must  be  determined  In  order  to  calculate  the 
moment  curve.  Here,  according  to  Equations  [4.44],  [4.48],  and  [4.49],  we 
must  insert  d*  y/d  x*  into 


M  = 


m*E  ^  d*  y 
m*  —  1  12  d  X* 


[4.74] 


in  which  obviously  all  four  constants  A",  B",  C",  D"  must  be  determined. 
Finally,  and  M*  must  be  calculated. 

The  boundary  conditions  which  lead  to  determining  A",  B",  C",  D" 
are' similar  to  those  mentioned  previously; 


for  X  •  0 
for  X  ■  \ 


»  y^  and  (2)  ^  -  0 


we  have  (1 )  y 
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Here  y  can  no  longer  be  assumed  to  be  equal  to  zero  as  In  the  case  of  the  beam 
since  the  frames  In  general  are  to  be  considered  as  elastic  supports. 

However,  the  boundary  value  y^  or  y^  -  y^  Introduced  here  cannot  be 
prescribed  arbitrarily  In  terms  of  the  present  problem  since  It  Is  definitely 
determined  by  the  effect  of  the  forces  at  the  frame.  We  shall  discuss  this 
point  In  more  detail  later  on;  for  the  present  let  us  point  out  that  y^  and 
hence  are  most  correctly  introduced  as  constants  of  Integration.  This  is 
done  In  the  following  manner:  The  boundary  condition  (for  x  «=  0  we  have 
y  *  y^i  or  z  *  Zj),  if  Inserted  in  Equation  [4.69],  gives 

z4>«d*  [4.75] 


so  that  we  may  write 

z  =  zo  (A  (Sin  o  X  sin  a  X  +  B  ©in  a  x  cos  a  x  + 

II^")  +  C  (So(.a  X  sin  a  X -f  £of  a  X  cos  a  x)  [4.76] 


If  we  now  set  up  the  three  boundary  conditions  still  to  be  satisfied 


for  X 


for  X 


0 

I 


dz 

we  have  ^  ‘  0 
dz 

we  have  =  0  and  z 


then  we  obtain  with  the  aid  of  the  relation 

dz 


=  zo[(C  -  B)  6in  «x  sin  a  x  +  (A  + 1)  6in  «  x  cos  «x  + 
+  (A—  i)(Sof  ax5inax  +  (B  +  C)  Sof  nxcosax] 


(4.77) 


the  following  equations  leading  to  the  determination  of  A,  B,  and  C: 


o=sB  +  C  [4.78] 

o  —  (C  —  B)  6tn  « 1  sin  o  1  4-  (A  +  I)  ©in  a  1  cos  a  1  -f 
+  (A  —  i)  Cof  a  1  sin  a  I  +  (B  +  Q  Cof  e  1  cos  a  I  [4.79] 

I  =  A  ®in  a  I  sin  a  I  -i*  B  ®in  a  1  cos  a  I  + 

4-  C  Qof  « 1  sin  « 1  +  5of « 1  cos  « 1  [  4 . 80  ] 


Since  according  to  the  first  of  these  equations  C  =  -  B,  the  last  two  equations 
result  in 

(©in  « 1  cos  « I  +  Sof « 1  sio  « 1)  A  —  2  ©in  b  1  sin  « 1 . 6  4* 

^(©to.slcosBl  —  ISnfalsinal)  s:0  [4.8l  ] 

©insisinel .  A  +  (©tn«lcos«i  -Spf  pIsinaOB-f 

4'(S«f«IcoBat  =  i 


[4.82] 
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Solving  these  equations  we  get 

A  = 


€in  g  I  —  sin  g  I 
<8{n  u  1  4-  sin  g  I 


['*.831 


Cof  tt  I  —  cos  a  I 
^in  a  I  +  sin  a  I  ~ 


if  these  values  are  Introduced  Into  Equation  [4.76]  vre  obtain 


—  z  =  *7- — r* — : - 7  [(®in  a  I  —  sin  a  1)  ®tn  a  x  sin  a  x  + 

Qm  a  I  +  sin  a  I  ‘ 

+  ((Sof  a  I  —  cos  a  I)  ©in  a  x  cos  ax  — 

-  (Cofal  —  cos  a  I)  do)  a  X  sin  a  X  — 

—  (©in  a  1  —  sin  a  I)  dof  a  X  cos  a  x]  = 


. - r  [©in  ax  (—  cos  a  1  cos  a  x  —  sin  a  1  sin  ax)  + 

©in  a  1  +  sin  a  P 

+  Sof  a  X  (—  sin  a  1  cos  a  x  +  cos  a  1  sin  a  x)  + 
+  sin  a  X  (©in  a  1  ©in  ax  —  dof  a  I  dof  a  x)  + 
+  cOsax(— ©inal  dofax-rdofal©inax)]. 


[4. 84] 


[4.85] 


Hence,  If  combined  Into  terms  with  x  and  I  -  x  (Symmetry,  see  Equation  14. 17]) 
and  If  y  is  Inserted  again,  we  obtain 

^•"^“©tn^TT^iTai  -’‘)+®“f«xsina(I-x) 

jl  j  +sinaxdofa(l— x)+cosax©ina(I— x)]  [4.86] 

Now  It  only  remains  to  determine  the  fourth  constant  of  integration 
y^;  to  this  end  we  proceed  by  setting  up  the  condition  for  the  equilibrium  of 
forces  acting  on  the  frame*rlng. 

The  cut  between  "shell"  and  "frame"  Is  made  In  such  a  way  (see 
Figure  23)  that  a  strip  of  the  shell  plating  of  the  same  width  b  as  the 
flange  of  the  frame  Is  considered  to  form  part  of  the  frame  while  only  the 
really  unsupported  part  Is  considered  as  "shell";  generally  other  subdivisions 
are  also  conceivable.  However,  It  has  always  been  found  that  In  this  way  the 
results  of  the  calculation  agree  best  with  experience  and  hence  we  expect  to 
apply  this  method  everywhere  hereafter.  Moreover,  this  method  of  separation 
has.  In  Itself,  no  artificial  character  especially  when  the  stiffening  elements 
lie  on  the  side  of  the  shell  opposite  to  the  pressure  side,  as  Is  usually  the 
case  (that  means  outside  frames  In  case  of  Internal  pressure  and  Inside  frames 
In  case  of  external  pressure). 

F.  Horn  has  determined  y.  In  a  different  manner;  he  starts  out  on 
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Figure  23  -  Effects  of  Forces 
at  the  Frame 

In  accordance  with  Equation 
for  the  frame-ring  as  defined  above 


the  assumption  that  the  sum  of  the  tan¬ 
gential  forces  which  act  in  a  longitu¬ 
dinal  section  and  which  vary  from  point 
to  point  must  be  equal  to  the  total 
hydrostatic  presiSure  r(  /  b)  p^^  (see 
Figure  23)  exerted  on  the  corresponding 
section,  of  which  an  Ihltlally  unknown 
portion  Is  absorbed  by  the  frame  section. 
Horn  determines  this  section  and  in  this 
way  he  also  arrives  at  the  results  set 
forth  In  the  following  discussion. 

[2.4]*  the  following  equation  applies 


<) 


yo- 


r»pi 

E(F  +  bs) 


[4.87] 


Here  pi  Is  now  to  be  replaced  by  the  sum  of  the  external  forces,  viz.,  first, 
the  hydraulic  pressure  acting  on  the  frame  width  b  (per  1  cm  of  the  circum¬ 
ference  of  the  flange,  thus  b  p^),  and  second,  the  two  shear  forces 
*  ^0  left*  ^0  transmitted  to  the  frame  by  each  of  the  shells  adjoining  on  both 
sides. 


/dM\ 

in*E 

s» 

/d3y\ 

Vdx^ 

m*  —  I 

'  12 

1  d  x»/, 

3  m’E 

s» 

1- 

cos  a  1 

m*  —  I 

'  12 

®in  < 

1 1 

’  sin  a  1 

<y.  -  yo)- 


Hence,  Equation  [4,87]  becomes 


«') 


>'0  — 


E(F  +  bs) 


Cof  g  1  —  cos  <«  1 
(^in  o  1  +  sin  o  1 


(y. 


-  Vo  )] 


[4.88] 


[4.69] 


For  reasons  of  simplicity,  the  reduction  of  and  V,  to  the  neutral 
circle  (R  *  r^)  of  the  frame  profile  (In  the  ratio  of  which  Is  made 

occasionally,  will  not  be  introduced  Into  our  formulas.  In  the  case  of  frames 
having  depths  that  are  large  compared  to  r  It  may  be  In  order  and  it  can 
always  be  carried  out  without  any  fundamental  difficulties. 


*In  the  following,  V  alwe;^»  denote  a  the  oroee  eeotlon  of  the  eotuel  trtm,  l.e. ,  of  the  fnaw  angle 
alone;  reha,  then,  le  the  total  sectional  area  of  the  frene  as  explained  ahore. 


39 


Equation  [4.89]  In  which  only  the  fourth  constant  of  Integration  y, 
occurs  besides  the  magnitudes  which  are  given,  we  must  still  solve  for  y, , 
or,  according  to  the  difference  required  In  Equation  [4.86],  for  y^  -  y^, 
respectively.  We  write 


_  ^  s»  r*  tt*  Cof  g  1  —  cos  a  1  ,  _  . 

3  ’  m*  —  I "  1‘  -f  b s  ’  ©in  *  1  -I-  sin  a  1 

_ i?JiPL_  =  o 

E(F  +  bs) 

This  becomes 


For  brevity,  we  write 


[4.90] 


[4.91] 


0—^1  rv  (£o{  tt  1  —  cos  g  1  |/s*r  _ 

ij)  ~  3  m>  —  1  ‘  fein  o  1  +  sin  o  I '  p  b  s 

Cof  g  1  —  cos  tt  1  r 
~  ^‘SSS  a  1  +  sin  a  1  F  +  bs 

and  obtain  from  Equation  [4.90] 

[y«  Xo)  4"  P (y«  Xo)  4"  -g  I  ^  y*— 

hence,  after  partial  Insertion  of  y^ 


>'--»='TT9TT-('-T^) 

or 


[4.92] 


[4.93] 


[4.94] 


€"•) 


P  r»  pt 

F  +  bs  Es  1  -j-P 


[4.95] 


Finally  the  equation  of  the  elastic  curve  becomes 

V  -v  =  iiEi.  F/(F  +  b8) 

^  E»  (i+PX^mwl  +  sin.l) 

x(®ittaxC08«(I'“*)4-ttof  ax  sin  tt(I  — x)  +  [4  .96] 

+  sinax(Jofa(l  — x)  +  cos  ox@ln«  I  -  x)] 
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or  solved  for  y 

y  =  -^r 

y  Es  L 


64) 


F  +  bs 

^in  tt  X  cos  tt  (I  —  x)  -f  •  H - 1-  cos  g  x  ©ill  a  (I  —  x)~| 

^  (i  +  « >  +  sin  ®  0 

Now  all  stresses  can  be  written  (see  Equations  [4.^0]  and  [4.44] 


1 .  The  axial  tensile  stress 

60)  o,' =  o  (at  all  points  x  of  shell) 

2.  The  tangential  tensile  stress 

(a)  at  any  point  x 

„  _  E  y_  rpr  ( , _ F/(F  +  b  s) _ 

)  '  *■  ®  I  (i  +  PX®in  «•  +  sin  “  *) 

X  [@tn  o  X  cos  a  (1  —  x)  4 - f - 1-  cos  a  x  (Sin  a  (1  —  x)] 

(b)  the  maximum  value  (for  x  •  1/2) 


6o  a)  ‘ 


1  — 


2F 


F  +  bs 


al  al  ,  ^  rttl  •  el 
Sill  —  cos  y  +  Cof  j  sin  — 


^  (l  +PX^ina  1  -f  sin  ci  l) 

3.  The  axial  bending  stress  (tangential  moment-axis) 


(a)  at  any  point  x 


Ob  = 


m*E 


dSy  _ 


|MI _ _ _ 

s*/6  m*  —  I  2  d  x^ 
m’E 


■  2  a* 


y«-yo 


tn*  —  I  2  ’  “  "  Sin  « 1  +  sin  o  I 

X  (C uf  a  X  sin  « (I  —  x)  —  Sin  a  x  cos  o  (1  —  x)  — 
—  cos  a  X  Sin  o  (I  —  x)  +  sin  o  x  Cof  o  (I  —  x)] 


-  ]/  3  ni^  E  F  r*  Pi 
“'in*— i'  r*F4-bs  Es*i  + 


X 


F  +  bs  Es  I  +  P’ 

Cof  g  X  sin  tt  (1  —  x) - 1-  sin  a  x  Cof  e  (1  —  x) 

Sin  a  I  +  sin  a  I 


60b) 


-  rpi  » 

~  s  'F  +  bs^ 

Cof  e  X  sin  u  (I  —  x)  —  - 1-  sin  c  x  Cot  a  (I  —  x) 

^  (i  +  SXSin  e  I  +  sin  « I) 

(b)  the  maximum  value  (for  x  *  0  and  x  ■  i) 


60'b) 


_  rpi  1.815  F 


Sin  « 1  —  sin  0 1 


ofc-„-(ob).  =  o-  ;  •  F  +  b s  ’ (I  +  PX^in « I  +  sin  «  1) 


[4.971 


[4.98] 


[4.99] 


[4.100] 


[4.101  ] 


[4.102] 


[4.103] 
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4.  The  tangential  bending  stress  (longitudinal  moment -axis ) 
(a)  at  any  point  x 


60c ) 


rtb' 


s?/6  m 


[4.104] 


(b )  for  X  -  I  /2 


60  c)  (ob')*  =  w-  F  +  bs  (1  +p)(@inoH-sinal)  [^•''05] 


®tn  —  COS  — ffio)  —  Sin  — 
2  2  2  2 


In  all  of  the  above  formulas 


n) 


_  ^^S*T  Cof  a  1  —  cos  a  1 

I*— *'555  p  ‘ a  1  sin  a  1 


and 


0') 


[4.106] 


[4.107] 


In  the  vast  majority  of  cases  <r|^  has  proved  to  be  the  greatest 
stress,  but  for  important  Investigations  It  Is  best  to  plot  both  (longitu¬ 
dinal  stress)  and  ^2  ^’^b'  (transverse  stress)  as  functions  of  x.  We  might 

then  continue  and,  after  calculating  the  shear  stresses  from  the  shear  forces 
V  *  d  M/d  X,  determine  and  plot  the  axes  of  principal  elongation  and  the 
corresponding  principal  elongations  (or  "ideal  principal  stresses"  HUtte^^  I., 
p.  527)-*  It  was  found,  however,  that  our  calculations  agree  quite  satis¬ 
factorily  with  experience  If  one  regards  as  destructive  pressure  that  pressure 
at  which  either  or  <^2  ‘^b*  expressions  at  the  same  time)  reach 

the  yield  point  (occurrence  of  major  permanent  deformations).  This  may  be 
done  even  though  here,  as  In  the  case  of  the  beam  bending,  £  was  regarded  as 
constant  In  the  entire  calculation  which  presupposes  that,  strictly  speaking, 
the  limit  of  proportionality  Is  not  exceeded  at  any  point,  of  the  shell.  If 


*After  the  publication  of  this  paper,  there  appeared  an  article  by  B.P.  Halgh  (Engineering  1920, 
p.  1^),  In  which  the  author  ueed  a  procedure  analogous  to  Huber's  nethod  ("Drang  und  Zwang,"  p. 
irtiere  the  elaetlc  limit  Is  Introduced.  Halgh  extended  the  concept  of  the  "limiting  strain  energy" 
and  found  It  to  be  more  logical  than  the  usual  hypotheses  used  up  to  this  time  for  finding  the  point  In 
a  loaded  body  where  perauuent  deformation  occurs  for  the  first  time,  and  also  for  the  determination  of 
the  limit  load  In  the  case  of  polyaxlal  streaa  conditions .  A  numerical  check  of  the  quantity  of  ex* 
perlmantal  data  at  our  disposal  has  not  been  possible  thus  far. 
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the  shell  Is  almost  exactly  of  uniform  thickness,  there  occur  In  a  number  of 
cases  no  major  deformations,  even  beyond  the  elastic  limit.  This  Is  In  agree¬ 
ment  with  our  statements  on  the  beam  problem,  so  that  a  certain  degree  of 
safety  would  still  be  Included  In  the  conditions 


62) 

di  man  ^ 

[4.108] 

62a) 

®i  max  4"  ®b*l/2  ^ 

[4.109] 

which  Is  not  taken  Into  account  In  the  following  discussion.  Equations  [4.108] 
and  [4.109]  together  with  Equations  [4.100],  [4.103],  and  [4,105]  thus  repre¬ 
sent  the  necessary  and  sufficient  conditions  for  the  absence  of  substantial 
permanent  deformations  under  Internal  pressure. 

In  August  I9l7i  the  formulas  [4.98]  to  [4.105]  were  used  by  the 
Germanlawerft  In  cases  where  bs  was  small  relative  to  F  (b  *  0).  At  the 
suggestion  of  Dipl.  Ing.  Schulze,  they  were  also  used  for  the  case  b  #  0 
In  March  191 8. 

The  slnh-cosh-sln-cos-functlons  occurring  In  these  formulae  can  be 
determined  according  to  the  tables  in  "HUtte”  or,  for  more  exact  calculations, 
according  to  Burrau  (Berlin,  Relmer  1907):  the  use  of  the  graphs  given  In 
the  second  part  Is  the  most  convenient.  The  latter  reference  points  out  In 
detail  the  peculiar  nature  of  the  functions  which  asymptotically  approach 
limiting  values  above  certain  values  of  d).  Here  we  shall  only  discuss  a 
few  limiting  cases. 

1 .  If  the  frame  Is  absolutely  yielding,  we  must  write 

F  =  o  hence  p=:oo  [4.110] 


therefore 


60a  ”-40)  «.««  =  yp.  [4.111] 

l.e.,  we  again  obtain  Equation  [3.1]  for  the  tube  of  Infinite  length;  at  the 
same  tlm&i  ■  0,  as  must  evidently  be  the  case. 

2.  If  the  value  of  P  Is  finite  ando)  Is  greater  than  2  l/2ir,  l.e., 

[4.112] 

then  la  practically  Independent  of  the  "frame  spacing"  because  the 

fraction  with  the  hyperbolic  and  trigonometric  functions  In  Equation  [4.100] 
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becomes  zero,  and  we  again  have  the  value 

=  [4.113] 

3.  Also,  by  increasing  I,  will  finally  become  Independent  of  I,  in 
fact  it  is  practically  so  for  a  I  «  3/2  »r  ,.  i.e.,  for 


1  >  367 


[4.114] 


because  the  fractions  with  the  hyperbolic  and  trigonometric  functions  become 
practically  equal  to  unity,  both  in  Equation  [4.103]  and  in  Equation  [4.106]. 
In  that  case  we  have 


n' ) 


and 


60b") 


0=  1.555 


j/s*  r 
F  +  bs 


[4.115] 


rpi _ 1.815  F 

s  F  +  bs  +  1.55s  ^  r 


[4.116] 


If,  moreover,  the  transverse  stiffening  is  completely  rigid  as  is  practically 
the  case  with  bulkheads,  then  F  »=  «>,  and  we  obtain 


60f"b)  «»b-«=  1.815-^  [4'.117] 

This  is  81 .5  percent  greater  than  the  simple  tangential  stress  according  to 
Equation  [3-1]  which  for  a  long  time  was  considered  as  critical,  since  a  more 
exact  calculation  was  unknown.  It  is  easy  to  see  that  under  otherwise  equal 
conditions  becomes  the  greater,  the  less  the  frames  yield.  Experience  con 
firms  this  Inasmuch  as  in  the  case  of  frames  of  varying  elasticity  the  first 
damage  of  the  shell  usually  occurs  near  the  most  inelastic  supports,  viz., 
at  the  bulkheads.  The  reason  that  the  critical  stresses  become  Independent 
of  the  frame  spacing  as  the  latter  Increases  is  found  in  the  fact  that  bend¬ 
ing  occurs  only  near  the  frames,  in  the  regions  a-b  and  c-d  (Figure  24)  while 
the  intervening  part  b-c  of  the  tube  remains  straight  and  is  uniformly 
elongated  in  radial  direction  only.  Just  as  if  it  were  a  section  of  an  un- 
stlffened  tube. 

It  follows  that  the  shell  will  obtain  material  relief  from  the 
frames  only  when  these  are  spaced  fairly  close  together  and  are  not  too 
strongly  constructed.  Horn  and  Lorenz  have  thoroughly  investigated  this 
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y  Elastic  Curve  and  Alto  <r^  C 

/urvo 

r  ,  I i  i  i  ii 

1  '•  J  Moment  Curvo;  !  i 
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,  , ,  i  c 

«  H 


X 


Figure  24  -  Fundamental  Variation  of  the  Deflection 
Curve  and  of  the  Moment  Curve 


peculiar  Influence  of  I  and  utilized  it  for  ‘•he  suitable  arrangment  and  di¬ 
mensioning  of  the  frames.  For  further  details  see  Part  II. 

The  conclusion  drawn  occasionally  that  above  a  I  ^  n  the  frame  spacing 
has  no  Influence  upon  the  safety  of  the  entire  structure  is  correct  to  a 
limited  extent  only.  In  like  manner,  rough  estimates  which  consider  a,  b,  c, 
d  as  a  beam  fixed  at  both  ends  lead.  In  many  cases,  to  entirely  erroneous 
conclusions,  as  will  be  seen  by  a  glance  at  the  moment  curve  (Figure  24). 

If  It  Is  of  Interest  to  know  the  axial  displacement  u  (at  the  point 
x),  the  latter  (see  the  above  developments  from  Equation  [4.46]  to  Equation 
[4.98])  can  be  obtained  from 


iLii=e'  =  — i£._Li=  y 
d  X  ~  *  ni  ni  nj  r 


I4.n8] 


from  which  It  follows  that 


65) 


X 


14.1191 


Here  y  Is  to  be  substituted  from  Equation  (4.97]  and  the  Integration 
(which  will  not  be  discussed  any  further  here)  Is  to  be  performed.  The  total 
elastic  mutual  approach  of  two  adjacent  frames  separated  by  the  free  length  I 
of  shell  plating  Is 


,#1=—  [4.120] 

m  r  y 
0 

In  experiments  and  observations  d I  can  be  used  In  an  especially  convenient 
manner  for  the  purpose  of  checking  the  theory. 
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b.  UNIFORM  EXTERNAL  PRESSURE 
Preitmlnary  Remarks 

The  stress  calculation  originally  set  up  for  internal  pressure 
which  led  to  Equation  [4.55]  Is  directly  applicable  to  the;  case  of  external 
pressures  because  negative  values  of  p^^,  l.e.,  external  pressures,  correspond 
to  negative  values  of  y  (see  Equation  [4.55].  This  means  that  the  elastic 
curve  for  a  given  external  pressure  Is  the  reverse  of  that  elastic  curve 
which  corresponds  to  an  equal  hydrostatic  Internal  pressure.  Of  course, 
compressive  stresses  substitute  for  tensile  stresses,  etc. 

Euler's  formula  for  collapse  of  an  Initially  straight  pin-end  rod 
(Equation  [1.15]).  FSppl's  formula  for  the  circular  ring  (Equation  [2.7]) 
and  Bresse's  formula  for  the  Infinitely  long,  thln-walled  cylindrical  tube 
correspond  to  the  figures  of  equilibrium  drawn  schematically  In  Figures  6 
and  9"  Besides  these  figures  determinative  for  Judging  safety,  there  are 
still  an  Infinite  number  of  others  which  are  characterized  by  a  greater  num¬ 
ber  of  undulations  of  the  elastic  curve  than  indicated  In  Figures  25  and  26. 

The  corresponding  values  of  the  critical  loads  for  an  integral  num¬ 
ber  of  waves  are 


16") 

Dk  =  V*  «  E  J  =  V*  «  E  ~  (s  <  I ) 

[4.121  ] 

36") 

[4.122] 

0, 


0, 

Figure  25  -  Straight  Rod, 
Case  of  Collapse 
(Two  Half  Waves) 


and 


56")  ■.  (±Y  in-issl 

12  m*  —  I  \  r  / 


Figure  26  -  Mode  of  Collapse  In  the 
Case  of  the  Circular  Ring 
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These  formulas  show  that,  In  general,  the  critical  loads  Increase  rapidly 
with  the  wave  number  as  the  square  of  v  and  approximately  as  the  square  of  n. 
The  nonexistence  of  the  practical  possibility  of  "skipping"  the  lower  critical 
loads— similar  perhaps  to  the  rapid  passing  through  of  critical  speeds  of  ro¬ 
tation  which  occurs  In  the  case  of  rotating  shafts— explains  why  the  critical 
loads  corresponding  to  higher  wave  numbers  must  be  disregarded  In  Judging 
safety.  They  represent  r irely  an  Interesting  theoretical  possibility  and  are 
extremely  unstable.  The  situation  Is  entirely  different  with  respect  to  the 
problem  to  be  discussed  now  where  In  general  the  lowest  critical  pressures 
no  longer  correspond  to  the  smallest  number  of  waves,  as  will  be  seen  presently. 

In  analogy  to  the  straight  compressed  rod,  the  circular  ring,  and 
the  Infinitely  long  unstlffened  cylindrical  tube  under  external  pressure,  the 
two  conditions  which  are  obtained  by  reversing  Equations  [4.108]  and  [4.109] 
so  as  to  fit  external  pressures,  and  by  making  use  of  Equations  [4.100], 

[4.103],  and  [4.105] 

s 

-jrofd 

i.8i5~F  @in o  1  —  sin o  1  [4,124] 

F  +  b  s  (i  +  p)(®in  a  1  +  sin  a  1) 


72) 

and 


—  Ofd 

72a)  p.<: - L - j - ^ ^  [4.1251* 

0.455  ©in  ^  cos  ^+1.545  sin  |- 

F-f-bs  (i  +  P)(@tn  o  1  +  sin  o  1) 


Translator's  Note; 

«Hovgaard  (MesioranduiB  No  86,  opp.  p.  37)  adds  the  following  annotation  to  this: 
should  read 


—  'fd 
r 


2T  1.343  slnh  2 
Ftbs 


'  ml  al 

0.455  cosh  *  sin  * 


(1  t4)(sinho(  +■  Sinai) 


Iquatlon  [4.125] 


since  the  bending  stress  Is  a  oaxlBUffl  tension  or  co:q)resslon  at  either  the  outside  or  Inside  surface  of 
the  plate,  e  '  should  be  In  the  direction  to  Intrease  the  hoop  stress  )  on  one  side  of  the 

plate  and  decrease  It  on  the  other.  Which  side  Is  Increased  or  decreased  aakes  no  difference.  The 
BBzlsun  stress  will  result  when  and  where  these  two  stresses  are  in  the  saae  direction. 

The  cosh  ^  laiser  than  slnh  ^  cos  ^  and  should,  therefore,  be  multiplied 

by  the  smaller  term  0.455  to  make  the  total  stress  a  maximum. 
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Figure  27  -  Form  of  Collapse  of  a 
Transversely  Stiffened  Cylindrical 
Tube  According  to  v.  Mlses 
(Formation  of  Bulges) 


are  necessary  to  prevent  considerable  permanent  strains.  They  are  no  longer 
sufficient,  however,  since  generally  other  figures  of  equilibrium  are  possible 
(see  Figure  27),  viz.,  when  ^  Pj^  (see  v.  Mlses,  Z.V.D.I.,  19'' 4,  p.  750), 
where 


76) 


14.126] 


In  this  formula  which  represents  the  final  result  of  the  collapse  calculation 
and  which,  for  J  ■  «,  Is  transformed  Into  Equation  (4.125],  n,  l.e.,  the  num¬ 
ber  of  bulges  on  the  circumference  resulting  from  collapse.  Is  obviously  no 
longer  Indicated  once  for  all  In  such  a  manner  that  It  corresponds  to  the 
critical  (l.e.,  the  lowest)  value  of  Pj^.  As  the  construction  of  the  formula 
Indlcatss,  both  for  n  *  1  and  for  n  ■  00  we  have  Pj^  =  <»,  whereas  Intermediate 
values  of  n  give  finite  pressures.  There  will  always  be  one  very  definite 
rijijin  depending  on  the  ratios  s/r  and  l/r  which  correspond  to  the  smallest 
Pjc  “  min  special  cases  two  values  adjacent  to  each  other).  In  order 
to  determine  tables  and  diagrams  have  been  constructed  (see  Part  II); 

forms  of  collapse  with  twenty  bulges,  occasionally  as  many  as  forty,  occur 
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frequently  In  strength  hulls  of  submarines. ♦ 

If,  as  a  result  of  the  discussion  regarding  Equation  13.10],  the 
bases  of  calculation  from  which  Equation  [4.126]  Is  derived  are  examined.  It 
will  be  found  that  the  conditions  along  the  edges  (x  ■  0  and  x  ■  1  )  are  not 
extlrely  free  from  certain  artificialities  which  must  become  obvious  when 
compared  with  the  stress  calculations.  It  is  true  that  at  these  points  the 
radial  elastic  displacement  y  vanishes,  but  not  the  axial  and  tangential  dls> 
placement,  so  that  a  sliding  of  the  shell  on  the  frame  In  axial  and  tangential 
directions  (or  yielding  of  the  frame  in  these  directions  without  resistance) 
should  be  possible.  Furthermore,  the  tangent  to  the  elastic  curve  Is  not 
"'rlzontal  (dy/dx  *  0)  as  shown  In  Figure  27,  whereas  <r^',  on  the  other  hand, 
disappears  so  that  we  are  fully  Justified  In  speaking  of  complete  elasticity 
of  the  tube. 

In  spite  of  this,  however.  Equation  [4.126]  proved  to  be  exception¬ 
ally  valuable  In  one  respect:  In  all  cases  It  correctly  indicated  the  number 
of  bulges  on  the  circumference,  or  In  the  case  of  Isolated  bulges,  the  calcu¬ 
lated  length  of  the  bulges. 


X  =  [4.127] 

tliaia 

This  was  the  case  even  when  the  experimental  bodies  were  geometrically  of 
anything  but  ideal  shape  (circular  form,  plate  thickness,  etc.).  In  view 
of  what  was  said  previously  about  the  degree  of  safety  against  buckling  In 
connection  with  practical  experiments,  it  Is  not  surprising  that,  on  the 
whole,  the  correspondl.ng  critical  pressure  was  not  nearly  attained.  The 
functional  character  of  the  relationship  of  Pj^  and  s/r  and  l/r  was  like¬ 
wise  correct  provided,  however,  that  the  conditions  underlying  the  stress 
calculation  (Equations  [4.124]  and  [4. 125]) were  taken  Into  account.  This 
leads  to  the  most  difficult  part  of  the  Investigations,  viz.,  the  question: 
What  happens  when  the  elastic  limit  Is  exceeded  at  certain  points  of  the 
shell  plating? 


*An  approxloate  fom  of  Kquatlon  [4.126]  twa  1)«en  larlTad  with  olaMntary  mans  Chabal  (Sohlffbau 
1918,  p.  229) ;  tha  latter  atarta  out  with  a  dafanwtloa  oondltlon  ^cb  In  the  axial  aaetlon  ooiraa- 
ponda  to  tha  relation 


r  - 


(aquare  of  a  alna  ourra) 


vharaaa  t.  Mlaea,  on  the  haala  of  the  general  elaatlclty  equatlona,  arrlTaa  "at  tha  linear  aine  overo 
of  the  httlgea  aa  abown  In  Figure  27. 
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We  define  the  quotient 


77) 

as  the  "Mlses'  factor  of  safety,"  l.e.,  the  safety  of  the  plate  against 
buckling,  and  we  shall  assume  in  the  following  purely  fundamental  conditions 
that  Sjij  =  T .  The  consideration  of  the  lower  external  pressures  In  portions 
of  Pj^  which  are  actually  attainable  on  the  basis  of  experience  Is  a  matter 
to  be  taxen  up  In  che  second  part  Just  as  the  solution  of  the  problem  of  the 
most  suitable  construction  of  a  strength  hull,  viz.,  a  strength  hull  of  uni¬ 
form  strength  which,  with  a  given  diameter  and  a  given  "depth  of  Immersion, " 
has  the  least  Iron  weight;  this  result  is  to  be  achieved  by  going  to  the  very 
limit  with  all  safeties  and  stresses  In  a  uniform  manner,  or  better  yet.  In 
a  manner  slightly  varying  In  accordance  with  the  "vital  Importance  of  the 
organs . " 

Here  In  Part  I  we  deal  with  the  Investigation  of  the  strength  of  a 
given  pressure  hull.  Besides,  ways  and  means  are  pointed  out  which  lead  to 
the  determination  of  Its  weakest  point  determinative  of  the  "collapse  depth" 
(maximum  depth  of  Immersion)  which  enables  us  to  determine  the  collapse  depth 
Itself. 

The  following  cases  are  to  be  distinguished: 

1.  Collapse  determinative:  Widely-spaced  frames. 

2.  Stress  determinative: 

(a)  Spacing  of  frames  I  without  any  sensible  Influence  on 

(^b'  »  and  normally-spaced  frames; 

(b)  Spacing  of  frames  I  of  decided  Influence  on 

a  a^/m)  and  closely-spaced  frames. 

While  Equation  [4.126]  applies  in  case  1  and  Equations  [4.124]  and 
[4.123]  apply  In  case  2(b),  the  corresponding  equations  for  2 (a)  are 


72') 

F  +  bs  +  i.55si/s*T  s 

1.815  F  ■  r  "" 

[4.129] 

72a') 

s 

P»  <  —  ®f  d 

[4.130] 

As  pointed  out  previously,  the  Equations  [4.124],  [4.129]  very  often  lavose 
more  severe  conditions  than  Equations  [4.125,  [4.130]. 

The  boundaries  between  the  three  regions  cannot  In  general  be 
sharply  defined;  they  depend  on  whether  or  are 
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determinative,  and  they  depend  furthermore  on  the  degree  to  which  the  frames 
yield,  l,e.,  on  the  value  of  F.  The  boundary  between  cases  2(a)  and  2(b)  as 
explained  at  the  end  of  Section  4  is  found  to  be  about  1=  (2.4  to  6.1)  V?s, 
while  the  value  I  •  670  /s®/r  adopted  for  submarines  may  serve  as  a  first 
approximation  to  the  boundary  between  1  and  2  In  cm‘).  We  note  here 

that  there  are  cases  where  the  region  1  goes  directly  over  in  region  2(b) 
where.  In  other  words,  region  2(a)  shrinks  to  nothing.  Here  again,  the 
reader's  attention  Is  called  to  Part  II. 

At  this  point  we  have  to  examine  the  conditions  when  or 
exceed  the  elastic  limit  (when,  therefore— and  this  Is  in  Itself  permissible— 
p  Is  grea>:er  than  the  values  obtained  from  Equations  [4.124],  [4.125]  or 
[4.129],  [4.130]  after  substituting  for  e^^j)  and  when,  at  the  same  time, 
p^  is  still  smaller  than  Pj^  (according  to  Equation  [4.126].  The  shell  plating 
Is  then  In  a  condition  similar  to  that  of  the  "seml-slender  rod"  or  the 
"semi-heavy  ring"  subjected  to  a  full  load  since  the  value  of  the  moaulus  of 
elasticity  substituted  In  [4.126]  cannot  then  be  correct.  Hence,  Equation 
[4.126],  a  formula  for  collapse.  In  which  E  plays  a  very  Important  role,  would 
yield  too  high  values  for  We  have  seen  before  how  v.  Karman  coped  with 
this  difficulty  In  the  case  of  the  straight  rod  under  compression  and  we  have 
applied  his  method  to  the  case  of  the  circular  ring  under  external  pressure. 
The  same  thing  might  be  done  without  difficulty  In  the  case  of  the  unstlffened 
cylindrical  tube  of  Infinite  length.  If  the  attempt  Is  made,  however,  to 
apply  It  to  the  tube  stiffened  by  frames  a  distance  I  apart,  new  difficulties 
are  encountered.  In  the  former  cases  the  same  compressive  stress  always 
existed  at  all  points  of  the  body  prior  to  collapse  and  as  a  result  with 
Increasing  pressure  D,  p  ,  or  p  all  particles  were  simultaneously  at  the 
same  point  of  the  stress-strain  curve  as  long  as  the  critical  pressure  Dj^, 
p^,  or  Pj^  was  not  yet  reached.  Thus,  It  was  possible  and  relatively  easy  to 
substitute  for  E  an  improved  modulus  M  (dependent  upon  D,  p  ,  etc.)  In  the 
collapse  formulas  of  Euler,  Fdppl,  etc.,  as  v.  Karman  did.*  But  if.  In  the 
present  case,  one  does  not  wish  to  devise  a  particularly  artificial  arrange¬ 
ment  of  the  frames  such  that  the  frames  are  at  first  set  Into  the  tube  "with 
a  clearance"  and  that  this  clearance  Is  gaged  in  such  a  way  that  precisely 


*7.  Kanun  finds  M  as  a  function  of  • 


ty  equating 


Ja 


=m:i 


j0 


(see  Tlgure  3)  where possesses  different  walues  accogrdlng  to  iriiether  It  Is  taken  at  the  point  with 
the  stress  0*^0  (Internal  edge  fibre  T^)  are-A#  (external  fibre  T  ).  [ikanslatar's  note:  dSie 
subscripts  1  and  a  stand  for  "Innen"  (IntemsU.)  and  "aussen"  (axtemal}. 
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for  Pg  ■  the  shell  would  rest  upon  the  frames,  then  the  shell  Is  found  to 
be  In  a  more  complicated  state  of  stress  which,  as  we  have  seen,  is  charac¬ 
terized  not  only  by  the  compressive  stress  but  also  by  the  bending 
stresses  and  9^'.  All  these  stresses  are  functions  of  x.  The  elastic 
limit  Is  not,  therefore,  exceeded  nor  the  modulus  of  elasticity  reduced 
simultaneously  In  all  particles  of ‘the  material  when  the  depth  of  Immersion 
Increases;  Instead,  this  effect  Is  at  first  limited  to  those  supporting  edges 
or  circular  lines  on  the  surface  of  the  shell  where  and 
the  highest  values.  By  further  Increasing  the  external  pressure,  the  excess 
strains  are  gradually  extended  to  the  inner  parts  of  the  plating  and  over  the 
surface  of  the  shell  as  indicated  In  Figure  28. 

The  modulus  of  elasticity  Is,  therefore,  even  before  collapse  takes 
place,  a  function  of  x  and  the  distance  17  from  the  neutral  "surface"  (see 
Figure  28)  as  determined  from  the  stress  calculations. 

It  Is  very  Important  to  realize  this  fact  even  though  we  may  hardly 
think  of  Introducing  such  a  variability  Into  the  calculations  of  v.  Nises. 
Experiments  have  shown  that  In  the  case  of  certain  dimensions  of  the  tubes 
and  stlffenings  Cclosely-spaced  frames)  absolutely  pure  "contraction"  (l.e., 
a  uniform  Inward  bulging  between  each  set  of  frames*)  without  wave  formation 
occurs  (y  according  to  Equation  [4.97]),  whereas  In  the  case  of  certain  other 
dimensions  (widely-spaced  frames)  an  absolutely  pure  wave  formation  without 
contraction  takes  place.  It  is,  therefore,  to  be  expected  that  at  certain 
intermediate  frame  spaclngs  both  phenomena  will  occiu*  simultaneously  due  to 
Imperfections  In  workmanship. 


Figure  28  -  Schematic  View  of  the  Gradual  Extension  of 
Where  the  Elastic  Limit  Is  Exceeded  as  the  Pressure 


the  Regions 
Increases 


*BoTaurd,  WacoraniaB  No.  88,  p. 
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In  these  cases  collapse  by  Instability  and  breakdown  by  flow  of  the 
material  merge  Into  each  other. 

In  actual  practice  the  situation  Is  such  that  In  these  cases  theory 
cannot  as  yet  determine  the  exact  course  of  the  transitions  Which  correspond 
to  the  curves  a-c  In  Figures  7  and  9a.  Probably  It  will  at  first  be  best  to 
draw  In  the  course  corresponding  to  the  curve  sections  a-b-c  as  previously 
given  and  then,  starting  from  point  c,  to  draw  the  transition  curve  by  judg¬ 
ment,  similar  to  that  In  Figures  7  and  9a.  The  principal  difficulty  lies  In 
the  fact  that  the  position  of  point  a  cannot  be  determined  by  calculation. 

In  special  cases,  however,  such  as  that  Indicated  In  Figure  24  In  which  by 
far  the  major  part  of  the  shell  Is  subjected  to  stress  similar  to  that 
existing  In  a  section  of  an  Infinitely  long  tube  »  rp^/s, 
only  a  small  error  Is  committed  by  simply  assuming  Is  critical  for 

the  entire  shell  and  calculating  M  accordingly.  Yet,  on  reducing  the  frame 
spacing  this  error  will  become  greater  and  greater;  in  this  connection  It  Is 
Important  to  observe,  however,  that  the  true  transition  curves  must  always 
lie  between  the  broken  curve  a-b-c  and  that  curve  a-c  which  results  when  the 
maximum  stress  that. occurs  Is  assumed  to  exist  In  the  entire  shell  and  when 
the  corresponding  v.  Karman  modulus  M  Is  applied.  The  possible  error  Is  thus 
kept  within  rather  narrow  limits.  This  point  Is  dealt  with  further  In  Part  II. 


5.  CYLINDRICAL  TUBE  STIFFENED  BY  TRANSVERSE  FRAMES 
AND  LOADED  BY  END-PRESSURE 


a.  UNIFORM  INTERNAL  PRESSURE  p^ 

Returning  to  the  fundamental  equations  leading  to  differential 
equation  [4.3^],  it  Is  to  be  noted  that  the  tube  Is  closed  by  end  bulkheads 
(Figure  12)  and  that  the  hydrostatic  pressure  wr*  Pj^  acting  on  the  end  bulk- 
heacbs  creates  a  longitudinal  tenslonal  stress 


C,*) 


«.*=JL£LEL-  =  JlL 

7nrs  2  s 


f5.TJ 


while  In  the  preceding  Section  .4  the  longitudinal  stress  9^'  was  equal  to 
zero.  (All  quantities  deviating  from  those  of  the  previous  chapter  are 
marked  with  an  asterisk  to  distinguish  them  from  those  In  4.)  It  remains 
to  Investigate  the  Influence  that  as  distinguished  from  zero,  exerts 

upon  the  equations,  especially  on  the  differential  equation  [4.33],  In  the 
first  place.  Equation  [4.98]  Is  replaced  by  the  equation 


Om 


I* 


rpt  _  m*E 
2  s  ~  m*  —  I 


15.2J 


80) 
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from  which  there  results  the  relation  for  as 

z 


.  rpi  t/ 

*  m*  E  ‘  2  s  m 


15.31 


This  value,  if  substituted  In  o^,  as  required  In  Equation  [4.30],  yields 
(according  to  Equation  [4.42]: 

+  15.4] 

m*  —  I  \  mv  mas  mas 


or  making  use  of  Equation  [4.46]; 


dOa) 


»-  Ey*  ■  I  rpi 


or  = 


15. 5J 


m  2  s 

Finally,  this  relation  Is  to  be  Introduced  Into  Equation  [4.30]  and  we  obtain; 

d*  /  m»E  s*  d»y*\  Es  ^  Pi  ,  _  re 

d  X*  \  in’  —  I  12  d  X*  /  r’  ^  2  m  P'  ~  °  [  5  •  ] 


or 


11*) 


d*  y*  /  Pi  2m  — I  y*  \  m’  —  I 

d  '^  \  E  s*  2  m  r*  s*/  m^ 


o 


[5.7] 


This  is  the  differential  equation  of  the  elastic  curve  for  a  tube  provided 
with  e'ld  bulkheads,  stiffened  by  frames,  and  subject  to  Internal  hydrostatic 
pressure.  It  differs  from  Equation  [4.55]  (free  cylindrical  tube)  only  In  the 
factor (2m  -  lV'2m  attached  to  the  first  term  Inside  the  brackets.  For  metals, 
the  value  of  this  factor  Is  0.85  and  means  a  reduction  In  the  Influence  of  Pj^ 
on  the  magnitude  of  the  deflection  y.  Under  otherwise  equal  circumstances 
these  deflections  become  smaller  than  those  of  the  preceding  chapter. 

We  write  Equation  [5.7]  thus: 


d'y* 

,  m’  —  I 

2  m  —  I  r’  Pi  \ 

dx« 

m’ 

s*  V 

2  m  E  s  / 

put 


o*)y*) 


y.*  = 


2  in  —  I  r’  pi  *  .  * 

— - - --l-=:z*  +  y* 

2m  Es 


15.8] 


15.9] 


and  with  the  meaning  of  a  as  stated  previously  (according  to  Equation  [4.59]) 
we  obtain 

dx* 


II'*) 


■f  sro 


15.101 
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Proto  this  we  obtain 


II  •  *) 

42 


«  y«*-yo* 

»  y  —  jfLi  . 


^\n  a  I  +  sin  a  1 

x(@moxcoso(l'^x)  +  (Iufoxsino(l  -  x)4- 
+  sin  a  X  C£of  o  (1  —  x)  +  cos  o  x  ®in  « (1  —  x)] 


15.11  J 


Here,  the  fourth  Integration  constant  (the  compression  of  the  frame)  Is 
still  unknown.  The  determination  of  and  hence  of  y^*  -  Po*  takes  exactly 
the  same  form  as  above  until  shortly  after  the  place  where  the  abbreviation  iS , 
which  here  has  the  same  value,  Is  Introduced  by  means  of  Equation  [4.106] 
there  In  Equation  [4.90]  the  new  value  of  y^*  Is  now  to  be  Introduced  In 
place  of  y^  and  we  get 


or 


y-*-y* 


~i  +P 


r*pi 

Es 


(3  m  —  1 
2  m 


bs  \ 

F+bs^ 


/2m—  I 

bs  ^ 

1  *■*  pi 

\  2m 

F  +  bsJ 

'  Es  i  +  p 

[5.12] 


[5.13] 


Thus  the  equation  for  the  elastic  curve  becomes 

am  —  I  bs 

_  ^  r*Di 

y.’— y* 

X  [®tn  a  x  cos  « (1  —  x)  + .  •  .4* . .  .4-co8ax®in«(l  —  x)] 
or,  solved  for  y*: 


‘  ”  Es  (I  +  «(®l«al  +  ^ 


[5.T4] 
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V*  -  _  (2m  — i  __  bs  \ 

^  EsLam  \2ra  F4-bs/ 

®in  •«  cos  tt (I  —  x)  + . . .  4-  •  • . 4-  cos '  -Cin  «(1  —  x)' 


Sin  a  I  -4  sin  a  k) 


] 


15.15] 


‘Hero  the  queatlon  la  to  he  dlecuesei,  boweter,  M  to  vhethor  Equation  [**.87]  ehoold  not  also  he 
replaced  hy  a  new  Equation  [4. 8"”]  for  Equation  [2.4]  on  which  Equation  [4.87]  la  hMod  naturally  4oao 
not  apply  to  rings  which  are  sluultaneously  subjected  to  radial  and  axial  preseure.  Actually,  howerer, 
this  kind  of  load  exists  In  the  strip  of  the  shell  of  the  oroes  section  he  which  rests  on  tbs  flange 
of  the  frame,  l.e..  In  a  portion,  at  least,  of  the  conhlnatlon  of  tne  cross  section  f+be  which  la 
defined  as  "frame."  Eren  though,  as  a  result.  Equation  [4.87]  no  longer  applies,  strictly  speaking 
we  hare  nererthelesa  desisted  fron  dsTsloplng  the  equations  for  a  "coa^ound  frans  ring”  ( "Vorbundspan- 
trlng")  oonposed  of  two  rings  fitted  into  one  another  where  both  the  single  rings  are  subjaetsd  to 
radial  pressure  while  one  of  than  ( In  our  figures  the  outer  one)  la  exposed  to  an  axial  pressure  as 
well.  This  procedure  la  Justified  by  the  fact  that  In  practical  cases  the  cross  section  f  of  tho 
frne  usually  considerably  exceeds  the  cross  section  bs  so  that  the  great  coaplloatlon  of  tho  fcnmlat 
resulting  would  not  be  worthwhile.  Tundawntally,  no  difficulties  are  enuouhtered  in  carrying  out 
this  calculation. 


55 


Non  all  stresses  can  be  written 

(1) 

e 

80)  =  constant  I5.l6] 

as  j 


(2a) 

80a) 

(2b) 

80>a) 

(3a) 


®inaxcosa(l — x)  + . .  -f . .  4*  costtx  @ina(l- 
(l  +  0)  (^in  a  I  +  sin  a  1) 


(5.17] 


15.18) 


15.19) 
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(4b) 

80'c) 


(VW  = -^0.545  (o.»5-p^)- 


F  +  bs  /  I  +P 

al  al  /rrol  .  al 

®Ul  —  cos  — - Sof  —  sin  — 

_ 2 _ 2 _  2 _ 2 

^in  a  1  +  sm  al 


15.24] 


-The  two  stresses  determinative  for  safety  are  found  at  the  points  x  ■  0  and 
X  -  1/2  and  are  respectively  max  z  max  ® 

the  former  pair  gives  the  greater  value.  The  conditions  for  the  nonappearance 
of  greater  permanent  strains  are  therefore 

-  rOi  r  I  .  «  /  bs 

82 )  . 


<Sln  « 1  —  sin  o  1  1 

X  /_  .  -V  /Ar._  •  •  ijJ 


(i  +  W  (fein  « 1  +  sin  o  1) 


<®f» 


[5.25] 


and 


82a) 


•**■“  +  «'b*w  -  —  2  (o.8s  —  X 

0455  ®in  Y  ^  **"  T 

^  (i+9)(^btal  +  sinal) 


15.26]’ 


Otherwise,  all  that  was  said  In  the  last  section  In  regard  to  Equation  [4.98] 
and  the  following  equations  hold  true  In  this  case.  We  shall  only  consider 
briefly  the  special  case  F  «ae(^«0)  which  gives 


A—  =  1.554 


Cfalel  —  sinal 
Sine  1  +  sin  a  I 


15.27]® 


If  further,  al  >»r, the  trigonometric  fraction  becomes  equal  to  unity  and  we 
obtain 


+  a.054-^ 


15.28]‘ 


Translator's  Notes: 

^As  corrected  by  W.  Borgaard  (Neaerandua  Bo.  88,  opp.  p..b7),  this  foiaola  should  read: 

n>, 

« 


z 


1.^5  elBli  CO*  cosh  sin  -^-1 

(!♦#)  (slshel  •»  slaei )  J^*fz 


*ln  place  of  the  auMrleal  values  in  Bquatloos  [^.2?]  sod  [?.38]  Bovgaard  BUM**ts  sumatitutlnf 
the  fellMrlnc:  for  l.ys>*  and  a.0h3  for  a.03>:. 
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which  l8  103<^  percent  greater  than  the  tangential  tensile  stress  according  to 
Equation  13.1]  which  was  formerly  considered  determinative. 

Otherwise,  the  conclusions  drawn  at  the  end  of  the  preceding  Section 
4  hold  here  also.  The  formula  for  the  axial  elastic  displacement  u*  becomes 


d  u*  _  I,  _  m* —  I  rpi  _ ^ 

dx  “  in*E  ‘  28  m 


(5.29) 


in* —  I  r  Pi  _  y* 
in*E  28  m  r 


1 5. .30] 


consequently 

85)  . 


s 


0 


15.31] 


where  y*  must  still  be  Inserted  from  Equation  [5.15]  and  where  the  Integration 
Is  still  to  be  performed. 

The  formulas  of  this  section  were  used  In  February  1918  by  the 
Germaniawerft  and  in  April  1918  were  communicated  to  U-boat  Inspection  In 
Kiel;  we  are  here  satisfying  the  repeatedly  expressed  desire  to  have  the 
derivation  of  these  formulas  published  (see  also  Johow-Foerster.  4th  Edition, 
Section :  Unterwasserf ahrzeuge ) . 


b.  UNDER  EXTERNAL  PRESSURE 

Just  as  In  the  case  of  the  free  cylindrical  tube  stiffened  by  trans¬ 
verse  frames,  the  formulas  [5.2]  to  [5.24]  are  transformed  into  the  corres¬ 
ponding  formulas  for  external  pressure  by  substituting  for  and  simul¬ 
taneously,  and  for  and  respectively.  By  and  on 

the  other  hand,  we  now  understand  the  additional  compressive  stresses  on  the 
surface  of  the  shell  which  are  the  result  of  bending.  The  conditions  corres¬ 
ponding  to  the  Equation  [5*25]  and  [5.26]  (stress  calculation) 

®4'*  +  o*b»ui<«fd  and  o*d,„ +o'*bi/j<Ofd  [5.32] 


if  solved  for  p,  result  in 


!>.< 


.^  +  1.815(0.85 


8 


b  8  \  ■  1  —  8in  g  I 

F+bs/ (i  +  W(®in«l  +  8in«l) 


92) 


[5.33] 
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s 

—  Of-d 

92  a)  p.< - - 1 - - , - , - p  15.34]’.* 

,  b.  \  ®in^co»l^-  1.545  Cofi^sini^ 

I  -  2  (0.85  -  pq:^) - (n.3y{®inir+iTjr^Ti - 

It  Is  true  that,  as  In  all  former  cases,  the  conditions  [5.33]  and  [5*34]  are 
necessary,  but  no  longer  sufficient,  v.  Mlses,  In  a  memorandum  submitted  to 
U-boat  Inspection  early  In  19'>8,  adapted,  his  Investigations  to  the  conditions 
prevailing  when  end-pressure  exists,  parallel  to  the  formulas  of  Section  4 
but -extended  by  taking  Into  account  the  effect  of  end-pressure.  His  modified 
formula  (which  was  communicated  to  the  shipyards  participating  In  the  model 
tests)  for  use  In  connection  with  strength-hull  calculations  reads  as  follows: 


It  represents  an  already  simplified  form  which  gives  good  approximate  values 
fur  at  least  eight  to  ten  bulges  on  the  circumference.  Under  these  conditions. 
Equation  [4.126]  may  also  be  written  in  an  even  simpler  form  since  In  that 
case  unity  may  be  neglected  In  comparison  with  n?  and  -  •1.3  compared 
with  2n*;  see  GUmbel,  Ibid.  Equation  [4.126]  then  becomes 


Translators'  Notas; 

^As  corractad  ^7  H.  Horgaarl  { MamoranduB  No  88,  opp.  p.  Ii8),  this  formula  should  road: 


a 


aS 

I* 

(0.85  ^  iT^rl 

sloh  cot  0.4^^  coth  tin-i^ 

\  T  *  tai 

(1  *  0)  (slnha/'f  Blnml) 

*W.  Hovgaard  (Mooorandua  No.  83,  opp.  p.  U8},  alaboratas  on  this  fonaula  as  follias: 


* Annotators'  Nota:  It  la  to  ba  notad  that  tto  darlratlon  of  this  axproaslon  nagloota  tha  affaotlve 
radial  praaaura  caused  hj  tha  azlall/  applied  stress  resultant.  V.L.  Salerno  and- J.  Puloa  In  a  forth- 
report  to  ha  puhllshod  hj  tha  Poljtacfanlc  Institute  of  Brookljn  hare  taken  proper  aoooont  of 
this  affoet.  Their  InTsstlgatlan  Indicates  that  tha  peripheral  load  supportad  hp  a  fnas  aajr  ha  as 
BttCh  as  2?  paroant  holow  that  obtained  hp  ron  Sandan  and  Gunther.  Thap  also  found  that  both  ths  longi¬ 
tudinal  and  olroiafarantlal  stresses  varp  oonsldaraolp  frosi  tha  ralues  prsdlotad  bp  ton  Sandan  and  O&tlMr. 
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and  shows  a  great  deal  of  similarity  to  Equation  15-35] • 

Moreover,  the  statements  made  at  the  end  of  the  previous  Section  4 
with  respect  to  the  relation  between  calculations  for  stress  and  stability, 
etc.,  apply  here  In  the  same  manner;  the  effect  of  the  end-pressure  does  not 
basically  change  conditions  In  any  way. 

Without  taking  up  In  detail  In  this  general  discussion  the  many 
other  problems  Involved,  we  shall  only  give  here  (explicitly)  the  expression 
for  the  total  radial  load  p  per  cm  of  circumference  of  the  frame  to  be  In¬ 
serted  In  the  re-calculatlon  of  stresses  and  stability  of  the  frame.  Prom 
Equation  [4.871  there  results  (for  Internal  or  external  pressure) 


p  =  E(F  +  bs)^ 


[5-37] 


where.  In  the  case  o't  the  free  tube  open  at  the  ends,  y,  Is  to  be  taken  from 
[*♦•95] •  Yqi  which  is  the  radial  elastic  expansion  or  contraction  of  the 
frame.  Is  a  most  Important  quantity  In  experimental  work.  We  find 


r*p 

y»=ET 


P  /  F  \ 

F  +  bs  “i+p  Es  V  F  +  bs/ 


[5-38] 


and  consequently 


68)  =  +  =  15.391 


For  the  tube  under  end-pressure,  we  obtain  from  [5.13]  and  [5.9] 


Es  \ 


2  iti  —  I 
3  m 


P 


bs 


I  +  p^  F  +  bs  I  +  p^ 


15-40] 


=jf _ E_ 

Es  I  +  P 


P4 


bs  \ 
F+bs/ 


[5-41] 


6o 


and  hence  from  Equation  14.87] 

88)  p*  =  _£-[o.85e  (-^+b)+b]  15.42]’ 


Equations  [5.39]  and  [5.42]  permit  us  to  trace  the  Important  Influ¬ 
ence  of  the  frame  spacing  and  the  frame  section  on  the  frame  load. 

The  frame  spacing  1  occurs  only  In  the  quantity  P  defined  above  by 
[4.106]  and  Is  here  present  only  In  the  fraction 

Cof  tt  I  —  cos  tt  I 
@ln  o  1  +  sin  ol’ 


which,  as  shown  above,  Is  proportional  to  *'’'e  shear  stress  transmitted 
from  the  "shell  plating"  (of  length  i  )  to  ,  "frame"  (section  F  +  bs).  As 
mentioned  above,  as  soon  as  a/  exceeds  (3/2 )«•,  l..e. ,  I  >3.6?  ^ri,  the  above 
fraction  asymptotically  approaches  unity  so  that 


>7') 


o-  i-555l^ 
-  F  +  bs 


[5.43] 


and  p  and  p*  as  a  result  become  Independent  of  / .  We  obtain 


68' ) 


p  =  p 


»-55SV^ 

1  -l-(b  s-|-  i.555/i»l.)/F 


] 


[5.44] 


and 


88  * ) 


p*  = 


1  + 


P 

L555...)^ 

F  +  bs 


(b  +  1.32  VTr) 


[5.45] 


If  In  these  two  equations  we  Imagine  the  above  fraction  to  be  In¬ 
serted  as  a  factor  everywhere  before  the  radical  sign,  we  obtain  the  expres¬ 
sions  for  p  and  p*  with  unabridged  .3,  and  In  a  form,  to  be  sure,  which  makes 
It  possible  to  judge  the  Influence  of  F  and  more  especially  the  limiting  con¬ 
dition  F  =  00  (the  case  of  a  bulkhead).  It  is  clear  that  p  and  p*  Increase 


^Translator's  Note: 


For  caoq>Brlson  vlth  [^•39]>  [3.*^]  can  be  written: 


V 


rm  ■>.  0.83N)  .  0.85^  F  1 

(1  +«  ‘1  +p  ■  s  J 


(Eovtsaard,  Menorandum  fo.  86,  opp.  p.  3) 
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when  F  Increases  so  that  for  F  -on  we  obtain’** 


68" ) 


and 


88") 


/,  ,  Cof  O  1  —  cos  a  1  ,/ — \ 
*  =  !■('' sin. 1*^) 


=  p  (b+  1.32 


So[  tt  I  —  COS  g  1 
(^in  O  1  +  cos  a  1 


[5.46] 


15.47] 


In  conclusion,  without  claiming  to  exhaust  the  subject  completely, 
we  shall  give  a  review  of  the  forms  of  empirical  and  seml-emplrlcal  formulas 
which  have  been  applied  to  this  difficult  problem  (see  Radlguer,  La  Navigation 
sous-marlne,  Paris,  1911  )• 

1 .  Falrbalrn: 

[5.48] 


[5.49] 


2.  Love: 


_  gja* 

s  =  Co  y  p  J  r  d.  h.  p  =  c'o  Yf 


S<  S> 

P  =  Cl  +»-»  —  +  cs 


In  these  two  formulas,  p  denotes  the  destructive  pressure;  since  not  only 
ratios  of  the  linear  dimensions  occur  In  them  and  since,  consequently,  their 
result j  depend  on  the  absolute  size  of  the  tubes,  the  constants  cannot  claim 
any  general  validity.  In  the  following  formulas  p  denotes  the  permissible 
pressure. 

3.  C,  v.  Bach: 


25  000 


+  (2-5- 2-5) 


I 


I+2.-P 


[5.50] 


^Vhsn  p  or  |)*,  respectlrely,  la  detanlned,  the  ncoent  of  Inertia  of  the  frame  angle  shell  atrip 
(of  width  h)  referred  to  the  axis  of  the  ccanon  center  of  gravity  must  he  Inserted  In  re-csUoulatlng 
the  "frame"  with  respect  to  buckling  (according  to  Equation  [a.?]).  The  reduction  of  p  or  p* ,  respeo- 
tlTel7,  to  the  neutral  fibre  must  be  made. 

*In  contrast  to  Equation  [7.39],  Equation  [7.**^*]  does  not  yield  the  ralue  pb  for  the  limiting  case 
r«0  which  is  praotleally  Insignificant,  yet  theoretically  l^ortant;  this  results  from  the  ooudltlcns 
Which  hare  bean  discussed  In  connection  with  the  setting  up  of  Equation  [7.13]  In  the  corresponding 
footnote. 
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4.  Wehage: 


p  =  36ooo-p-^^  [5.511 

It  Is  seen  that  only  tiach's  formula  depends  solely  on  the  ratios 
between  the  linear  dimensions,  as  It  should  be.  It  Is  Interesting  to  see 
that  despite  many  experiments  and  the  application  of  much  technical  Ingenuity, 
It  has  proved  Impossible  to  arrive  empirically  at  the  true  relation  between 
p  and  the  ratios  s/r  and  i/r.  In  view  of  this.  It  Is  easy  to  understand  that 
under  the  Influence  of  breakdowns  or  theoretical  considerations  people  for  a 
long  time  turned  In  uncertainty  from  one  formula  to  another. 

The  course  of  the  historical  development  was  roughly  as  follows: 
First  the  formula  of  Love  was  used;  it  dealt  especially  with  the  Instability 
of  the  shell  and  was  fairly  satisfactory  for  this  purpose  although  It  gave 
rather  high  values  of  p.  Then  people  turned  to  the  Poppl-Hurlbrlnk  formula 
for  collapse  of  a  frame,  regarding  the  shell  merely  as  a  part  of  the  frame, 
while  Horn's  stress  calculations  for  the  shell  were  regarded  as  doubtful. 

The  ever-lncreaslng  relative  weakening  of  the  shell  by  Increased  depths  of 
Immersion  and  the  excessive  strengthening  of  the  frames  made  It  necessary 
to  enter  the  path  of  the  general  theory  of  elasticity  which  finally.  In  con- 
Jmictlon  with  experiments,  made  It  possible  to  solve  the  problem  completely 
and  to  throw  light  on  Its  smallest  details. 

By  utilising  the  know-how  thus  acquired  It  became  possible  to  raise 
the  coefficient  of  efficiency 

Immersed  volume  per  m  length  ^  . 

V - weight  per  m  length  ^  rr‘axlmum  depth  of  Immersion 

from  0.5  to  more  than  1.5.  A  model  of  90O  ram  diameter  and  2.4  ram  thickness 
of  shell  plating  carried  an  external  pressure  of  250  m  head  of  water  without 
suffering  any  permanent  deformations. 

In  conclusion,  I  wish  to  express  my  keen  appreciation  to  Dr.  Techel 
for  the  assistance  rendered  to  me  on  many  occasions  In  dealing  with  this 
entire  problem  and  for  many  stimulating  suggestions  offered  In  connection 
with-  this  Investigation. 
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PART  U  -  EXPERIMENTS  AND  PRACTICAL  APPUCATIONS 
OF  THE  THEORY  DEVELOPED  IN  PART  I 

6.  EXPERIMENTS  WITH  MODELS  OF  STRENGTH  HULLS  OF  SUBMARINES 

The  first  part  of  this  treatise*  offers  a  systematic  treatment  of 
the  problem  of  the  strength  of  ring  frames  and.  hollow  cylinders  which  are 
subject  to  uniform  external  pressure  and  It  leads  up  to  a  description  of  the 
calculation  of  the  cyll.idrlcal  tube  stiffened  by  transverse  frames  and  loaded 
by  unlfoi-ra  end-pressure  and  radial  pressure.  One  of  the  most  Important  appli¬ 
cations  of  this  latter  case  consists  In  the  calculation  of  the  strength  hulls 
of  submarines  whose  stresses,  strictly  speaking,  are  even  somewhat  more  com¬ 
plicated  since  the  loading  due  to  water  pressure  Increases  uniformly  from  the 
upper  edge  to  the  lower  edge  of  one  strength  hull  while  additional  stresses 
occur  due  to  Its  own  weight,  Installations  and  appendages.  In  fact,  as 
alreacy  pointed  out  In  the  Introduction,  the  problem  of  the  strength  of  the 
hulls  of  submarines  gave  rise  to  these  investigations  which  produced  a  solu¬ 
tion  for  It  In  all  the  essential  aspects  while  disregarding  the  complications 
Just  mentioned.  Unfortunately,  this  solutlot.  which  In  Its  basic  aspects  was 
definitely  establlsned  early  In  1918  and  the  systematic  application  of  which 
was  bound  to  be  of  decisive  Importance  for  the  construction  of  strength  hulls 
of  large  submarines  designed  for  great  depths  of  Immersion  came  to  be  used 
only  In  a  few  cases  of  minor  significance  as  far  as  German  submarines  were 
concerned.  It  Is  true  that  approximate  methods  of  calculation  and  practical 
experience  nad  made  it  possible  even  before  this  to  Increase  the  depth  of 
Inimerslon  without  Increasing  the  hull  weight  materially.  But  only  the  solution- 
described  here,  which  was  arrived  at  on  the  basis  of  the  tneory  of  elasticity 
and  numei'ous  experiments,  made  It  possible  to  design  the  various  members  of 
the  strength  hull  of  a  submarine  In  such  a  way  that  the  prescribed  depth  of 
Immersion  could  be  achieved  for  a  given  strength  hull  with  a  minimum  of  hull 
weight,  l.e.,  the  strength  hull  could  be  constructed  as  lightly  as  the  strength 
properties  of  the  material  In  question  permitted. 

In  Germany  the  determination  of  the  scantlings  of  strength  hulls  of 
submarines  was  for  a  long  time  based  on  the  methods  of  calculation  developed 
by  Foppl-Hurlbrlnk  and  Marbec.  Both  of  these  methods  deal  with  the  collapse 


*ni*  articles  In  queatlon  were  published  In  Numbers  8,  9,  and  10  of  "Werft  and  Reederel”  tar  1920. 
The  TMt  scope  of  nisMrlcal  calculations,  e.g.,  of  those  on  which  Figures  5  and  6  of  the  present  arti¬ 
cle  are  baaed,  delayed  the  publication  of  this  second  part  more  than  had  been  anticipated  originally. 
Rerarthsless,  It  sesaed  wise  to  await  the  ccsipletlon  of  the  calculation  of  a  numerical  exai,«le  In  order 
to  point  out  more  sharply  the  concrete  reaiU-ts  of  the  theory  and  to  facilitate  Its  application  for 
engineers  who  mn  not  too  familiar  with  the  mathematical  principles  Inyolved. 
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by  Instability  ( "Elnlcnlckungsdruck" )  of  frame  rings  under  radial  loads  based 
upon  the  assumption  that  a  portion  of  the  strength  hull  of  the  length  of  one 
frame  space  (including  frame  and  plating)  can  be  regarded  as  an  Isolated  ring, 
l.e.,  Independent  of  the  adjacent  material.  It  is  assumed  further  that  the 
strength  depends  essentially  on  the  scantlings  of  the  frame,  while  the  shell 
plating  is  regarded  merely  as  a  flange  of  the  frame.  It  is  immediately 
apparent  that  for  geometric  as  well  as  physical  reasons  this  conception  might 
prove  to  be  disastrous  to  the  proper  design  of  strength  hulls.  Actually,  the- 
strength  hull  of  a  submarine  is  not  simply  a  collection  of  rings  held  together 
in  some  way  or  other,  but  a  complete  hollow  body,  in  the  simplest  case  a 
(jlosed  hollow  cylinder.  It  follows  that  the  shell  plating  and  not  the  frame 
is  the  most  Important  element  of  construction.  Nevertheless,  up  until  very 
recently  designers  limited  themselves  essentially  to  the  calculation  of  the 
strength  of  the  frames  with  the  result  that  the  latter  were  generally  made 
too  heavy  while  the  strength  of  the  shell  was  uncon''clously  reduced  to  its 
lowest  permissible  llrhlt. 

In  any  event,  the  designers  concerned  had  long  recognized  the  in¬ 
sufficiency  of  the  available  methods  of  calculation  and  along  with  the  pro¬ 
gress  of  submarine  design  greater  depths  of  Immersion  came  to  be  required; 
the  attempt  was  made  to  determine  the  pressure  of  collapse  (Einknlckungsdruck) 
by  means  of  practical  experiments  in  the  absence  of  a  reliable  theory.  The 
first  pressure  tests  with  strength-hull  models  which  were  carried  out  by  the 
German  Navy  in  1913  were  still  based  entirely  on  the  views  of  Hurlbrlnk  and 
Marbec  as  far  as  their  set-up,  execution  and  analysis  were  concerned.  Pre¬ 
parations  were  made  to  construct  for  the  new  larger  submarines  a  type  of 
strength  hull,  the  section  of  which— partly  under  the  Influence  of  the  Flat- 
boat  construction— deviated  from  the  simple  circular  form.  Previous  to  this, 
the  well-known  U-boat  specialist  of  the  Navy,  Dr.  Ing.  H.C.  Werner,  had 
already  advocated  the  idea  of  adopting  for  larger  U-boats  the  design  of  two 
strength  hulls*  of  relatively  small  diameter  placed  parallel  to  each  other. 

As  soon  as  he  was  made  the  head  of  the  U-boat  section  of  Torpedo-Inspection 
he  resumed  this  project  and  his  assistant,  KUchler,  subsequently  developed  a 
-type  of  twin  body,  the  cross  section  of  which  consisted  of  two  circular 
sections  intersecting  each  other.  Thus,  in  addition  to  the  actual  strength- 
hull  compartments  there  came  to  be  a  central  corridor  connecting  the  latter 


<TJef*r»iK!e  Is  aads  siso  to  the  patent  held  h/  the  Geraanta  Shipyard  on  triple  strength  hulls  and 
Bake's  patent  concerning  multiple  interaedlate  strength  hulls  of  U-hpats. 
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which  likewise  had  to  have  enough  strength  to  withstand  the  full  pressure  of 
the  water.  In  constructing  this  type  of  a  body  It  was  clearly  realized  that 
the  central  corridor  especially  constituted  a  great  source  of  weakness  and 
that  It  could  only  be  strengthened  sufficiently  at  the  expense  of  a  great 
weight  of  material.  For  this  and  other  reasons  the  corridor,  even  In  the 
project  stage,  was  largely  replaced  by  stanchions.  For  the  model  pressure 
test  the  compartments  were  selected  which  contained  the  Diesel  engines  and 
electric  motors  and  which  were  separated  from  each  other  by  a  strength  bulk¬ 
head  and  thus  the  cross  section  with  stanchions  as  well  as  that  with  the 
central  corridor  could  be  tested.  As  the  mathematical  calculation  demonstrates 
very  easily,  the  strength  of  the  frame  depended  entirely  on  either  keeping 
the  distance  between  the  intersecting  paints  of  the  two  circular  sections 
constant  or  on  allowing  a  very  small  deflection.  The  second  of  the  above 
authors  of  this  article,  who  was  carrying  out  the  calculations,  from  the  very 
beginning  called  attention  to  the  fact  that  the  central-corridor  construction 
would  probably  prove  to  be  too  weak.  As  a  matter  of  fact,  the  compartment 
contalnliig  the  electric  motors,  which  was  supported  by  stanchions  and  whose 
vertical  deflection  could  be  made  equal  to  zero,  withstood  ail  the  stresses 
whereas.  In  the  compartment  housing  the  Diesel  engines  the  shell  between  the 
frames  bulged  In  after  the  latter  had  first  yielded  excessively.  Unfortunate¬ 
ly,  however,  at  that  time  not  a  great  deal  of  attention  was  paid  to  the  de¬ 
formations  of  the  shell  since  the  deflections  of  the  frames  were  considered 
to  be  of  paramount  importance.  The  central-corridor  construction  was  aban¬ 
doned  and  the  Danzig  Navy  Yard  which  had  carried  out  the  model  pressure  tests 
prepared  an  alternate  project  to  test  a  strong  elliptic  section  stiffened  by 
stanchions  along  the  center  line.  The  model  tests  conducted  with  this  section. 
In  which  tne  shell  had  been  strengthened  above  and  below  according  to  the 
greater  radius  of  curvature,  naturally  yielded  results  similar  to  those  with 
the  first  project  since  again  only  the  strength  of  the  frames  was  taken  Into 
account.  The  elliptic  section,  however,  was  somewhat  more  favorable  with 
respect  to  tne  general  utilization  of  space. 

During  the  war  the  construction  of  these  boats  was  set  aside  because 
of  other  more  urgent  projects  but  It  was  taken  up  again  later  on.  For  the 
time  being  a  slightly  elliptic  strength-hull  section  was  adopted  In  the  pre¬ 
liminary  project  on  the  basis  of  the  experiments  Just  described.  At  the  same 
time,  the  system  of  external  framing  which  was  hitherto  used  only  by  the 
Danzig  Shipyard  was  prescribed  In  the  specifications.  The  Germania  Shipyard 
had  serious  objections  of  a  practical  and  theoretical  nature  against  this 
type  of  construction  and  offered  to  prove  by  extensive  model  experiments  the 
superiority  of  the  hitherto  used  construction  with  circular  section  and 
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Internal  frames.  These  tests  finally  brought  out  the  fact  that  the  strength  • 
of  the  frames  was  sufficient  In  both  constructions  as  hitherto  adopted  but 
that  It  was  necessary  to  pay  more  attention  to  the  strength  of  the  shell. 

At  the  same  time,  when  the  experiments  carried  out  at  the  Danzig  Shipyard 
were  compared  with  those  of  the  Germania  Yard,  It  was  realized  even  then  that 
the  results  of  the  model  tests,  which  had  by  no  means  been  carried  out  with 
the  precision  customary  In  scientific  laboratories,  had  to  be  accepted  with 
great  caution,  and  that.  In  any  event,  the  models  should  be  made  to  the 
largest  possible  scale. 

Hence,  the  following  questions  remained  to  be  answered: 

A.  What  Is  the  Influence  of  the  scale  of  the  models  on  the  pressure 
of  collapse? 

B.  What  Is  the  Influence  of^the  framing  on  the  strength  against 
collapse  (Knlckfestlgkelt )  of  the  shell? 

and  In  particular, 

1 .  What  Is  the  Influence  of  the  frame  spacing  on  the  shell? 

2.  What  Is  the  Influence  of  the  strength  of  the  Individual  frames 
upon  the  shell? 

In  order  to  investigate  these  problems  the  U-boat  Inspection  and  the 
Danzig  Navy  Yard  In  the  summer  of  1917  Jointly  prepared  a  new  testing  program 
which  was  carried  out  with  the  utmost  speed. 

The  experimental  Series  1  dealing  principally  with'  answering 
questions  A  and  B1  comprised  altogether  ten  models  of  four  different  diameters, 
the  dimensions  of  which  can  be  seen  from  the  accompanying  figures  and  tables. 
The  models  la,  Ila,  Ilia,  IVa,  as  well  as  the  models  lb,  Ilb,  Illb,  IVb,  and 
Ic  and  lie  are  geometrically  similar  (see  Figures  29  and  50). 

With  respect  to  the  design  of  the  experimental  models  the  following 
should  be  noted:  The  middle  portion  of  the  cylinder  of  length  I  between  the 
two  frames  is  to  be  regarded  as  the  true  experimental  cylinder.  The  distance 


Figure  29  -  Experimental  Model 
with  Two  Frames 


Figure  50  -  Experimental  Model 
with  Three  Frames 
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of  the  frames  from  the  bottoms  was  made  equal  to  2/3  I  In  order  to  protect  the 
middle  portion  as  far  as  possible  against  the  arch  effect  of  the  bottoms,  which 
were  designed  to  be  strong  and  therefore  subject  to  minor  deformations  only. 
Moreover,  this  distance  was  chosen  so  as  to  prevent  collapse  of  the  shell 
between  the  frame  and  the  bottom  before  collapse  of  the  shell  between  the 
frames.  The  frames  themselves  were  given  unusual  strength  In  order  to  be 
able  to  preserve  with  certainty  the  circular  form  at  the  ends  of  the  models. 

Internal  pressure  In  the  cylinders  was  produced  by  compressed  air, 
external  pressure  by  water,  and  the  pressure  was  Increased  until  the  drop  of 
the  pointer  of  the  manometer  Indicated  that  bulging  (Elnbeulen)  had  taken 
place.  This  moment  of  bulging  was  always  defined  very  sharply  by  the  posi¬ 
tion  of  the  manometer  pointer.  It  Is  true,  of  course,  that  these  tests  could 
produce  no  more  than  approximate  comparative  values  and  that  only  the  critical 
pressure  could  be  tested,  whereas  gradual  deformations  that  might  have  occurred 
previously  could  not  be  observed.  Nevertheless,  these  experiments  furnished 
practical  data  which  were  the  foundation  for  further  theoretical  advancement. 

It  was  possible  to  observe  clearly  the  formation  of  bulges  In  all  the  models 
In  Series  1  and  the  number  of  bulges  agreed  perfectly  with  the  number  pre¬ 
dicted  by  the  v.  Mlses  formulas  mentioned  in  Part  I.  The  collapse  pressure 
varied  a  great  deal  according  to  the  size  of  the  various  cylinders  under  com¬ 
pression  although  theoretically  similar  cylinders  should  have  shown  the  same 
collapse  pressure.  Basically,  this  may  be  explained  by  the  fact  that  in  the 
smaller  cylinders  the  inaccuracies  of  workmanship  were  relatively  greater 
and  that  the  2  and  3  mm  plates  themselves  were  not  entirely  uniform,  with 
the  result  that  the  cylinder  which  was  supposed  to  be  circular  actually 
deviated  from  the  circular  form  considerably.  Therefore,  with  reference  to 
question  A,  these  experiments  showed  that  the  test  results  obtained  could  not 
be  applied  safely  to  the  strength  hulls  of  submarines  unless  the  thickness  of 
the  plating  used  In  the  models  was  above  4  mm. 

In  contrast  to  the  number  of  bulges  the  observed  collapsing  pressure 
did  not  in  all  models  check  completely  with  the  results  of  v.  Mlses'  formulas, 
due  to  the  fact  that  the  prerequisites  of  the  latter  were  no  longer  fulfilled 
In  some  of  the  models  since  the  stresses  which  occurred  at  the  calculated 
collapsing  pressure  considerably  exceeded  the  limit  of  proportionality. 

In  a  memorandum  to  the  Inspector  of  Submarines,  v.  Mlses  himself 
tried  to  modify  his  formula  for  these  latter  cases  by  the  use  of  Tetmajer's 
buckling  experiments.  This  method  of  calculation  Is  applicable  so  long  as  the 
stresses  which  occur  under  collapsing  pressure  do  not  greatly  exceed  the 
elastic  limit.  It  may  be  refined  even  more  with  the  help  of  v.  Karmw's 
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Investigations.*  If  the  stresses  corresponding  to  v.  Mlses'  collapsing  pres¬ 
sure  are  materially  higher  than  the  elastic  limit,  it  means  that  we  are  no 
longer  dealing  with  sudden  collapse  (i.e. ,  Instability);  instead  of  this,  the 
model  suffers  a  gradual  deformation  due  to  the  fact  that  the  permissible 
stress  is  exceeded.  In  this  case,  Instead  of  the  sudden  appearance  of  Indi¬ 
vidual  bulges,  a  uniform  Inward  bulging  takes  place  over  the  entire  circum¬ 
ference  (Einschnlirung)  as  demonstrated  by  the  experiments  of  the  Germania 
Shipyard. 

The  experimental  Series  2  comprised  three  models,  VI,  V2,  and  V3  of 
loOO  mm  diameter,  6.5  mm  thickness  of  plating,  and  frame  angles  of  60x30x5mm 
placed  with  spaclngs  of  400,  500  and  600  mm  respectively;  even  as  a  first  test, 
it  served  primarily  to  clear  up  question  B2. 

In  the  experiments  with  VI  and  V2  the  frames  proved.  Indeed,  to  be 
too  weak  and  therefore  a  formation  of  bulges  as  regular  as  in  Series  1  did 
not  result  in  these  models.  Model  V3,  on  the  other  hand,  was  a  typical  case 
for  the  application  of  v.  Mlses'  theory  of  collapse.  Moreover,  the  reader's 
attention  is  called  to  Table  I  If  he  wishes  to  examine  these  tests  critically.** 

An  especially  remarkable  result  of  the  second  series  of  tests  Is 
the  paradoxical  fact  that  In  the  case  of  strength  hulls  of  the  same  diameter 
and  same  plate  thickness,  the  frame  must  be  strengthened  when  the  frame 
spacing  is  reduced.!  This  is  explained  t;y  the  fact  that  the  shell  acts  only 
very  Imperfectly  as  a  flange  for  the  frames.  In  practical  cases  It  Is  well 
to  Include  in  the  frame  section  only  a  strip  of  plating  having  the  same  width 
as  the  flange  of  the  frame;  hence,  a  constant  moment  of  inertia  of  the  frame 
is  Involved.  The  result  is  that  the  collapsing  pressure  of  the  frame  remains 
constant.  Independent  of  the  frame  spacing,  while  the  collapsing  pressure  of 
the  shell  Increases  when  the'  frame  spacing  is  reduced.  In  determining  the 
scantlings  we  must,  therefore,  first  determine  the  collapsing  pressure  of  the 
plating  for  a  given  frame  spacing  and  then  make  the  frame  so  strong  that  It 
will  hold  even  when  the  shell  has  collapsed  by  bulging.  In  practice,  It 
should  be  sufficient  to  give  the  frames  an  excess  strength  of  about  10  percent. 

The  experiments  of  the  Germania  arid  Danzig  Shipyards  herein  described 
or  referred  to,  together  with  other  published  experiments,  served  as  a  basis 
for  tht  theoretical  treatment  of  Part  I  of  this  report.  Further,  It  had  been 


«See  Part  I,  Sections  1  and  Ab. 

♦♦Annotators '  Note:  Attention  Is  directed  to  a  more  recent  series  of  hydrostatic  pressure  tests  of 
rliw-stlffened  cylindrical  shells  carried  out  at  the  U.S.  Experimental  Model  Basin.  The  results  of 
these  tests  are  presented  In  Heport  305  (loc.  cit.  p.l2). 

+ Annotators'  Hote:  This  Is  the  so-called  "hard  spot"  effect. 
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our  intention  to  confirm  the  theory  thus  developed  by  a  new  test  program 
Which  was  to  comprise  both  the  regions  of  stress  and  collapse  (Instability) 
as  well  as  the  Intermediate  uncertain  region;  however,  the  preparations  made 
by  the  Danzig  Yard  In  this  direction  could  not,  unfortunately,  be  carried , to 
completion  on  account  of  the  general  breakdown.  But,  since  these  investiga¬ 
tions  are  valuable  not  only  In  the  design  of  submarines,  but  also  In  other 
branches  of  engineering.  Industry  would  render  a  great  service  If  It  under¬ 
took  to  test  this  theory  more  thoroughly  on  the  basis  of  these  preliminary 
results  and,  in  particular,  to  determine  the  proper  working  stresses  and  thus 
the  required  factors  of  safety.  Such  tests  could  best  be  carried  out  In 
scientific  laboratories  for  the  testing  of  materials. 


7.  PRACTICAL  EXAMPLES 


The  practical  examples  worked  out  In  the  following  are  Intended  to 
show  the  designer  how  to  use  the  formulas  developed  In  Part  I  In  the  calcu¬ 
lations  for  strength  hulls  of  submarines;  moreover,  they  are  expected  to 
make  a  contribution  toward  the  solution  of  the  problem  to  which  we  have  al¬ 
ready  referred  several  times,  namely,  that  of  designing  a  strength  hull  for 
a  given  depth  of  Immersion  and  the  resultant  water  pressure  on  the  minimum 
weight  of  material.  According  to  Section  5b  of  Part  I  the  formulas  [5.33], 
I5.3^j,  and  [5.35]  serve  to  calculate  the  collapsing  pressure  of  closed 
cylindrical  reservoirs  such  as  strength  hulls  of  submarines  In  their  simplest 
form;  l.e.,  formulas  [5.33]  and  [5.34]  are  to  be  used  for  stress  calculations 
and  [5.35]  for  collapse  calculations.  Before  carrying  out  any  numerical 
calculations,  formula  [5.33]  will  be  briefly  discussed  and  modified  so  as  to 
reduce  the  auxiliary  quantities  which  occur  In  It  to  a  more  convenient  form. 
The  formula  Is 


■  + 1.815  (o-SS- 


bs  \  ©in o  1  —  sin o  1 


F  4-  b  s  /  ©In  o  1  +  sin  a  1 


1 

I+P 


[5.33] 


As  pointed  out  before,  the  yield  point  Is  to  be  used  for  the  stress 
a  According  to  the  experiments  It  can  be  assumed  to  be  approximately 
2950  kg/cm^. 

Furthermore,  we  have 


a 


[4.107] 


1  y  27  ^  rs*  fSof  o  1  —  cos  o  1 

3  m*  —  I  F  +  b  s  '  ®ln  o  I  4-  sin  o  1 


[4.92] 
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For  the  sake  of  simplicity,,  the  expressions 

®tlt  tt  1  —  sin  tt  1  Sof  tt  1  —  cos  g  1 

(Sin  a  1  +  sin  a  1  ®in  o  I  4-  sin  a  1 

which  occur  again  and  again  In  the  following  discussion  are  designated  by 
L  and  N  respectively  and  may  be  obtained  from  Table  2  or  the  accompanying 
diagram  (see  Figure  31 ). 

The  quantity  /9  may  then  be  written  simply  In  the  form 


.  ■  2.Ns 
a(P+bs) 

and  can  be  readily  calculated  when  a  has  been  determined. 
L,  formula  1 5*33 1  finally  becomes 
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After  Introducing 
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We  shall  first  examine  two  cylindrical  buoyancy  tanks  of  equal  size 
but  of  widely  different  scantlings  which  were  constructed  for  the  same  class 
of  boats  by  two  different  firms.  Both  tanks  had  the  same  diameter  of  8OO  mm 
and  the  same  length  of  5200  mm.  But,  while  one  designer  had  given  the  tank 
a  plate  thickness  of  U  mm  and  a  frame  angle  of  mm,  placed  235 

apart,  the  other  had  given  the  second  tank  a^ plate  thickness  of  7  mm  and  a 
frame  angle  of  75x50  xj  mm,  placed  834  ram  apart.  The  purpose  Of  such  tanks 
was,  of  course,  to  Improve  the  conditions  of  stability  by  placing  them  on  a 
high  level  In  the  boats  and  to  create  displacement  on  a  minimum  weight  of 
material,  l.e.,  to  raise  the  center  of  buoyancy.  It  Is  important.  In  this 
case  especially,  to  save  as  much  weight  as  possible  consistent  with  the 
safety  of  the  construction  against  collapse.  In  Judging  the  latter  we  can 
therefore  disregard  the  technical  reasons  which,  with  a  view  to  the  opera¬ 
tional  problems  Involved,  lead  to  the  adoption  of  one  construction  or  another, 
while  aiming  only  at  the  greatest  economy  of  production.  The  only  basis  on 
which  to  Judge  the  quality  of  the  two  constructions  Is  therefore  the  strength 
and  lightness  (weight)  of  the  tanks. 

The  first  tank  had  a  frame  spacing  I'  »  25^  mm,  and  as  the  width 
of  the  flange  connected  to  the  plating  was  40  mm,  the  unsupported  part  of 
the  shell  had  a  free  length  I  ■  23.5  -  4  =  19.5  cm. 


72 


We  have 


y40‘O.4 


o  1  =  0.321  •  19.5  =  6.26 
L  ®  N  *  1  (from  the  diagram  Figure  31) 


17.3] 

[7.4] 


p  = _ =  030 

0.321  (4.79 +4  0.4) 


2950 


0.40 


40 

IE 

1.39 


=  — "873  -^3-0^  atm 


17.5] 


17. 6]^ 


Since  the  buoyancy  tank  was  designed  for  a  pressure  of  1.25  x7.5  ■  9.4  atm 
(25  percent  hlgner  than  the  actual  strength-hull  construction),  the  coeffi¬ 
cient  of  safety  against  bulging  which  was  used  as  a  basis  was  therefore 

=  2.45 

It  remains  to  be  Investigated  whether  the  scantlings  of  the  frame 
were  the  best  that  could  have  been  chosen.  As  pointed  out  above,  It  should 
generally  be  sufficient  to  strengthen  the  frame— Including  a  strip  of  plating 
of  the  same  width  as  the  flange  of  the  frame— to  such  a  point  that  Its  col¬ 
lapsing  pressure  Is  10  percent  higher  than  that  of  the  shell  plating.  In  the 
present  case  we  should  have 


I .  I  p,  = 


_  3KJ 


r»r 


therefore 


J  = 


^  i.i  •  23.02  •  40*  .  23.5 
3  •  2  •  io» 


17.7] 


[7.8] 


J  =  6.3s  cni< 


(7.9] 


*Annot«tor«'  Not*:  It  la  to  %a  otaarrad  tkat  C.  Trilling  In  U.S.  Exparlaantal  Hodal  Baala  Raport 
396,  "Tha  Influanea  of  Stlffanlng  Rings  on  the  Strangtb  of  Thin  Cyllndrlosl  Shslls  vndsr  Sxtamsl 
Prasaura,"  Tahruarp  1939,  eoncludad  that  fonnda  [9.3'»]  la  tha  oorrsot  ylald  foaaula  and  that  foRBula' 
[9.33]  should  not  b*  ttsad. 


73 


Actually,  the  moment  of  Inertia  of  the  frame  is  J'  »  23.09  cm*  and 
consequently,  the  frame  is  more  than  strong  enough  and  would  stand  up  even  if 
the  shell  collapsed  completely  by  bulging.  It  is  easy  to  demonstrate  that  a 
reduction  in  the  sectional  area  of  the  frame  will  result  In  an  Increase  in 
the  collapsing  pressure  of  the  shell.  If,  for  Instance,  we  adopt  the  rule 
given  above,  that  the  frame  shall  be  about  10  percent  stronger  than  the  shell, 
we  would,  with  an  angle  of  45>‘30x3.5  i*®  obtain  a  collapsing  pressure  of 
27.1  atm  for  the  plating  as  compared  to  29.6  atm  for  the  frame. 

If  we  compare  this  result  with  the  strength  of  the  widely-spaced 
frames  of  the  Second  tank,  we  find  the  following:  The  stress  calculation 
according  to  formula  [5*33]  does  not  In  this  case  lead  to  any  result;  Instead, 
we.  must  use  v.  (Uses'  formula  15.351  for  collapse  by  Instability.  By  means  of 
this  a  collapsing  pressure  of  p  *  39*9  stm  Is  obtained  at  which  the  tank 
would  collapse  with  five  bulges.  However,  It  is  to  be  taken  Into  account  that 
at  this  pressure,  stresses  of  about  2280  kg/cm*  would  occur  and  that  hence 
the  limit  of  proportionality  would  be  considerably,  exceeded.  The  actual 
collapsing  pressure  would  therefore  be  lower  and  by  the  approximate  method 
developed  by  v.  Mlses  It  will  be  found  to  be  37.5  atm.  Thus,  If  the  construc¬ 
tion  principle  Is  followed  through  to  Its  logical  conclusion  In  the  case  of 
the  first  tank  (with  a  weaker  frame),  the  second  tank  Is  stronger  than  the 
first  by 

^  g  38.5  percent 

It  remains  to  compare  the  weights  used  for  the  two  constructions. 

The  weight  per  meter  run  of  the  first  tank  Is  99  ^  while  that  of  the  second 
Is  155  kg.  Hence,  the  second  tank  was  heavier  than  the  first  by 

^-^xlOO  «  56.6  percent 


Figure  31  -  The  Auxiliary  Quantities  "N"  and  "L" 
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while  Its  strength  Is  only  3y.5  percent  greater.  This  example  shows  deafly 
that  the  theory  here  developed  places  at  the  disposal  of  the  designer  an  ex¬ 
cellent  tool  for  determining  the  scantlings  of  hollow  cylinders  with  minimum 
weight.  The  author  attempted  to  design,  on  this  principle,  the  strength  hull 
of  a  submarine  cruiser  for  certain  given  depths  of  Immersion,  l.e.,  to  propor¬ 
tion  the  thickness  of  the  shell  plating,  the  scantlings  of  the  frames,  the 
frame  spacing  and  at  the  same  time  to  choose  the  principal  dimensions  of  the 
boat  in  such  a  manner  that  the  required  strength  was  attained- with  a  minimum 
weight. 


The  problem  of  determining  the  minimum'  weight  of  a  strength  hull  of 
a  given  diameter  and  for  given  depths  of  Immersion  was  given  an  even  more 
general  characteristic  by  the  fact  that  the  depth  of  immersion  Itself  was  not 
assumed  from  the  beginning;  Instead,  It  could  be  chosen  as  desired  within 
rather  wide  limits,  after  the  calculation  had  been  completed.  If  we  consider 
the  different  variables  of  the  strength -hull  construction,  viz.,  the  plate 
thickness  s,  the  sectional  area  of  the  frame  F  (with  the  flange  width  b),  the 
frame  spacing  V  or  the  unsupported  length  of  plating  I  respectively.  It  Is 
seen  that  when  two  of  these  variables  are  selected,  the  third  Is  always  deter¬ 
mined  when  the  collapsing  pressure  (by  Instability)  of  the  frame  Is  made  a 
certain  function  of  the  collapsing  pressure  of  the  shell.  In  the  following 
we  always  assume  1.1  pj^^  «=  Pk<jp»  where  picj^  refers  to  the  shell  (Haut)  and 
Pjjgp  to  the  frame  (Spant).  Let  us  now  assume  that  for  a  given  radius  r  of 
the  strength  hull  and  a  given  plate  thickness  s  the  collapsing  pressure  of 
the  shell  Is  plotted  against  the  frame  spacing  in  a  system  of  rectangular 
coordinates;  In  that  case  there  will  always,  to  ever-y  frame  section  with  a 
given  area  F  and  moment  of  Inertia  J,  correspond  a  certain  frame  space  which 
can  be  determined  In  the  following  manner.  For  a  number  of  frame  spaces  and 
a  chosen  frame  the  pressure  pi^gp  Is  calculated  according  to  the  formula 


Pii 


H 


17.10J 


Then  for  the  same  frame  and  for  the  same  frame  spaces  the  pressure  pj^^  Is 
calculated  from  the  formula  15.331  or  15.351  respectively,  and  the  point  of 
Intersection  between  the  curves  pj^^^  and  1.1  pkj^  Is  finally  determined.  The 
collapsing  pressure  pj^  which  corresponds  to  the  point  of  Intersection  gives 
a  point  of  the  curve  of  the  collapsing  pressure  to  be  constructed  for  the 
plate  thickness  s.  By  choosing  other  frame  profiles  It  Is  possible  to  con¬ 
struct  as  many  points  on  this  curve  as  desired  (see  Figure  32). 

Such  a  (collapsing  pressure)  curve  can  now  be  constructed  for  any 
desired  plate  thickness.  Any  line  parallel  to  the  axis  of  abscissas  gives 
Uten,  at  its  intersection  with  the  curve  for  the  assuswd  plate  sickness,  the 


FroM  Spoehtg 

Figure  32  -  Collapsing  Pressure  of  a  Cylindrical  Tube 
of  Constant  Shell  Thickness  and  Variable  Frame 
Spacing  under  a  Uniform  External  Pressure 

frame  spacing  which  corresponds  to  the  collapsing  pressure  and  hence  to  the 
depth  of  immersion.  It  remains  now  only  to  calculate  the  weight  of  the  struc¬ 
ture  for  the  various  plate  thicKnesses  and  to  plot  them  against  the  frame 
spacing:  thus  we  obtain  a  weight  curve,  the  minimum  point  of  which  indicates 
which  frame  spacing  and  hence  which  frame  profile  should  be  selected  for  the 
prescribed  depth  of  immersion.  It  remains  to  be  pointed  out  that  by  this 
method  of  plotting  each  pressure  curve  naturally  approaches  asymptotically 
a  line  parallel  to  the  axis  of  abscissas  which  is  at  a  distance  from  the 
latter  corresponding  to  that  value  of  p^^  which  would  be  obtained  for  an  un¬ 
stiffened  tube  of  infinite  length  and  of  plate  thickness  s. 

The  method  developed  here  was. applied  to  a  strength  hull  of  6000  mm 
diameter  with  a  plate  thickness  varying  from  14  to  30  mm.  The  numerical  re¬ 
sults  of  the  calculation  are  represented  in  the  following  diagram  (see  Figure 
33)  where  the  curves  resulting  frbm  the  stress  and  stability  calculations  are 
first  brought  to  intersection  and  then  finally  connected  by  a  transition  curve. 
This  still  unexplored  transition  curve  is  of  course  drawn  more  or  less  on 
Judgment.  However,  we  shall  recognize  immediately  that  this  region  is  without 
any  particular  importance  for  the  practical  designer;  in  fact,  it  is  gerierally 
best  to  avoid  this  region  altogether. 

In  Figure  34  the  weight  of  the  strength  hull  per  meter  run  is  plotted 
for  the  different  plate  thicknesses  against  the  frame  spacing.*  By  coag>arison 

*Tbm  vmUgat  oalovlatiaa.  la  tataad  oa  ttw  waltfita  of  tlw  aholl  platlag  aad  fWawa  of  tba  atraaftb  boll 
par  aator  ran.  Vlab  platoa,  rlTot  haeda,  ate.,  aaaa  not  tataa  lato  aooou&t  alaaa  tiM  vaimiit  of  those 
parta  vlU  aat  aatarlaUj  affoot  tta  rasvlts  ohtaiaaA. 


¥ 
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Figure  33  **  Strength  Hull  of  6000  mm  Diameter 

Curves  for  ooUapelng  pressure  for  various  plate 
thloknee^s  aod  variable  fTaae  spacing. 


Figure  34  -  Strength  Hull  of  60OO  mm  Diameter 

Curvea  of  wslg^t  per  unit  length  for. collapsing 
pressures  varying  frca  10  to  13  atai. 
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with  the  curves  for  the  collapsing  pressure  the  weight  curves  for  the  various 
depths  of  Inunersion  are  easily  obtained  from  the  curves  of  Figure  34.  The 
curves  have  been  plotted  for  pressures  of  10,  15,  20,  25,  30,  and  35  atm. 

Although  these  curves  hold  primarily  for  the  special  case  here  In¬ 
vestigated,  we  may  nevertheless  draw  the  following  general  conclusions: 

I 

a.  The  weight  curves  have  two  minima,  of  which  the  absolute  minimum 
occurs  at  a  very  small  frame  spacing,  the  other  at  a  frame  spacing  which  In 
large  boats  can  be  adopted  In  practice. 

b.  If  the  frame  spacing  Is  Increased  beyond  the  second  minimum,  the 
weight  grows  steadily  and  reaches  Its  maximum  In  a  frameless  strength  hull. 

It  Is  seen  that  In  a  strength  hull  of  6000  mm  diameter,  the  absolute 
minimum  is  attained  at  a  frame  spacing  of  about  250  mm.  If  we  consider  500  mm 
as  the  smallest  frame  spacing  to  be  adopted  in  practice,  then,  according  to 
the  law  of  similarity,  the  absolute  minimum  cannot  be  realized  until  the 
diameter  of  the  strength  hull  Is  12  meters.  It  Is  easily  seen,  however,  that 
the  saving  In  weight  which  can  be  realized  by  going  from  the  upper  to  the 
lower  minimum  la  only  relatively  small;*  It  Is,  therefore,  desirable  to  so 
arrange  the  design  from  the  beginning  that  the  second  minimum  Is  reached. 

A  practically  convenient  frame  spacing  Is  thus  obtained.  This  second  minimum  ' 
can  be  readily  determined  mathematically  by  remaining  In  the  region  of  the 
stress  calculations.  After  having  found  the  value  of  a,  the  quantity  a  i  Is 
determined  In  such  a  manner  that  the  auxiliary  quantities  L  and  N  referred  to 
above  become  equal  to  unity,  l.e.,  by  setting  a/  equal  to  5-  As  soon  as  the 
region  of  transition  or  even  the  region  of  Instability  Is  reached,  each  addi¬ 
tional  Increase  In  frame  spacing  Is  certain  to  lead  to  an  unnecessary  Increase 
In  weight.  This  must  be  taken  Into  account  in  the  construction  of  buoyancy 
tanks  especially.  These  will  always  be  of  so  small  a  diameter  that  It  will  be 
possible  only  in  rare  cases  to  reach  even  the  second  minimum.  For  this  case 
we  may,  therefore,  establish  the  general  principle  of  design  that  the  frame 
spacing  should  be  made  as  small  as  practicable  for  constructional  reasons. 


*If,  for  Instance,  a  depth  of  Imerslon  of  12?  a  vere  taken  as  a  hasia  and  If  a  double  aafet7  were 
required,  the  curve  for  2?  ata  would  have  to  he  used.  Xhe  difference  between  the  first  and  second 
ln^T'^lllll  mounts  to  kSoo  -  4300  ■  300  k^.  In  the  aost  aztrme  case,  therefore.  In  a  strength  hull  of  a 
lei^th  of  t^out  So  a,  we  would  save  24  tons,  but  this  eidrantage  would  be  offset  by  a  rather  Inconvenient 
fraae  srrangMwnt,  since  the  fTaaes  would  be  pierced  In  nmerous'  places,  so  that  substitute  constructions 
wculd  have  to  be  provided  which  would  largely  nullify  the  relatively  anall  saving  In  weight. 
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The  example  given  above  shows  that  by  this  procedure  It  is  possible  to  effect 
a  considerable  saving  in  weight  as  compared  with  any  other  mode  of  construction. 

If,  in  conclusion,  we  sum  up  all  previous  investigations,  we  find 
that  the  theory  developed  here  makes  It  possible  to  select  for  the  various 
depths  of  immersion  the  most- advantageous  dimensions  and  scantlings  for  the 
different  members  of  a  strength  hull,  l.e.,  to  properly  proportion  .the  thick¬ 
ness  of  the  shell  plating,  the  profile  of  the  frames,  and  the  frame  spacing. 
Beyond  this,  however,  certain  principles  of  design  have  been  established  which 
make  It  possible  to  so  dimension  the  various  members  of  a  strength  hull  for 
each  Individual  case  that  the  greatest  strength  Is  attained  with  the  smallest 
possible  weight  which  can  be  adopted  In  practice. 


/ 
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